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SUMMARY 

The Surface Electrical Properties Experiment (SEP) was 

flown to the Moon in December 1972 on Apollo 17 and used to 

explore a portion of the Taurus-Littrow region. SEP used a 

relatively new technique, termed Radio Frequency Interferometry 

(RFI). Electromagnetic waves were radiated from two orthogonal, 

horizontal electric dipole antennas on the surface of the Moon 

at frequencies of 1, 2, 4, 8, 16, and 32 Mhz. 

The field strength of the EM waves was measured as a func

tion of distance with a receiver mounted on the Lunar Roving 

Vehicle and using three orthogonal, electrically small, loops. 

The interference pattern produced by the waves that travelled 

above the Moon's surface and those that travelled below the 

surface was recorded on magnetic tape. The tape was returned 

to Earth for analysis and interpretation. 

Data were obtained during EVA 2 on the traverse from the 

SEP-site (near the landing point) towards Station 2 for a dis

tance of about 2 1/2 km. Unfortunately, data were not obtained 

during the remainder of EVA 2 because the SEP receiver over

heated. Neither were data obtained during EVA 3 because a 

switch was placed in the standby-position rather than the on

position for the early portion of the EVA and the SEP receiver 

then overheated.- Thus our analysis of the electrical structure 

of the Taurus-Littrow site is restricted to the vicinity of the 

traverse from the SEP-site to Station 2. 



Because the lower frequency waves penetrate deeper into 

the Moon than the higher frequency waves, we use the 1 MHz 

interference pattern to infer the electrical properties at 

depth. We use the 32MHz pattern to estimate the properties 

near the surface. In one model, the relative dielectric 

constant increases from a value of 3 1/2 near the surface to 

iv 

a value of about 6 - 7 at a depth of lOOm and then decreases 

slightly. In another model, a near-surface, sloping interface 

between material of slightly differing dielectric constant 

satisfies some of the constraints imposed by the observed data. 

We have not yet obtained any model that satisfies most of the 

constraints provided by the large quantity of data for the 

lunar traverse. 

Despite the lack of a model that does satisfy most of the 

observed data, we believe that the gross electrical features 

of the Taurus-Littrow site are these: (1) the relative dielec

tric constant increases with depth (from about 3 1/2 at the 

surface to 6 - 7 at depth), (2) the dielectric constant is 

rather constant over the depth interval of 100 meters to at 

least 2 1/2 km, (3) the loss tangent is no larger than 0.05 

and possibly as small as 0.002, (4) no significant quantity of 

water is present within 2 1/2 km of the Moon's surface at 

Taurus-Littrow, (5) electromagnetic scattering at frequences 

of 1 - 32 MHz is absent at Taurus-Littrow which implies that 

subsurface "boulders" of dimensions in the range of 10 - 300m 

and with contrasting dielectric constant, are not present 



within 1 - 2 km of the surface. 

In this final report, we include several reprints, pre

prints, and an initial draft of the first publication of the 

SEP results. These documents provide a rather complete account 

of the details of the theory of the RFI technique, of the 

terrestrial tests of the technique, and of the present state 

of our interpretation of the Apollo 17 data. 

v 
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ELECTRICAL STRUCTURE AT TAURUS-LITTROW 

This section is a preliminary draft of the initial 

manuscript to be submitted to any scientific journal de

scribing the SEP experiment and the scientific results 

obtained from the experiment. This initial draft, prepared 

by Strangway, Annan, Redman, Rossiter and Watts, will be 

modified before submission to a journal. The list and 

sequence of authors' names have not yet been determined. 

(REVISED) 



Introduction 

The Surface Electrical Properties (SEP) Experiment was 

flown to the Taurus-Littrow region of the moon on Apollo 17. 

The experiment used megahertz radio frequencies in order to 

determine (i) electrical layering at the landing site, (ii) 

the dielectric properties of the surface material in situ, 

and (iii) the presence of scattering bodies. 

In order to sound into the surface layers a relatively new 

technique, called radio frequency interferometry (RFI), had 

been developed for the lunar experiment ru1d had been tested 

extensively on earth. A transmitter was set out on the lunar 

surface and a receiver was carried on the Lunar Roving Vehicle. 

As the Rover moved along its traverse, the received magnetic 

field strength and the Rover's position with respect to the 

transmitter were recorded. 

At any point on the traverse several waves reach the re

ceiver, and these waves interfere, as sho>;.;n in Figure 1. The 

interference pattern is diagnostic both of ·the physical proper

ties and of the structure of the upper layers. Field strength 

data for six frequencies and six combinations of receiving and 

transmitting antenna orientation, along with position, calibra

tion, and temperature information, were recorded on a magnetic 

tape which was returned to earth. 

The basis for the interferometry concept and details of 

the SEP Experiment have been given elsewhere (Annan, 1973; 

Rossiter et al., 1973; Simmons et al., 1972; Kong, Tsang, and 

Simmons, 1974; the SEP Team, 1974). In the present paper we 
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will outline briefly the basis for our interpretation, present 

the lunar SEP data, and describe our most recent evaluation of 

the results. 

Background Material 

1-3 

Because radio interferometry is a relatively new technique, 

most of our background experience with it was built up explicitly 

for the lunar experiment. This study had three main facets: 

(i) theoretical evaluation of the EM fields surrounding a dipole 

antenna over a dielectric medium; (ii) experimental work using 

an analogue scale model; and, (iii) field work on several dif

ferent glaciers for full scale experiments. 

Although the integral expressions for the EM fields sur

rounding a dipole over a half-space have been known for some 

time (e.g. Banos, 1966), their evaluation for layered media with 

with completely general electrical properties is far from tri

vial. Straight numerical integration is prohibitively expensive 

(Tsang, Brown, Kong, and Simmons, 1974}" Therefore three com

plementary approximate methods were used - a geometric optics 

approach, the theory of normal modes and fast Fourier transform 

(FFT) techniques. The geometric optics formulation (Annan, 

1970, 1973; Kong, 1972; Tsang et al., 1973) is most accurate 

for "optically thick" layers, and becomes invalid for distances 

less than about a wavelength. Theoretical cures are most 

easily calculated with the normal mode formulation for thin 

layers in which only a few modes propagate. The use of the 

FFT technique (Tsang, Brown, Kong, and Simmons, 1974) allows us 



to calculate theoretical interference patterns for models in 

which the electrical properties vary continuously with depth. 

In order to check these calculations, and to be able to 

study cases too complex for theoretical treatment, a scale 

model was constructed in which we used microwave frequencies 

(Waller, 1973; Annan et al., 1974). The model consisted of 

a layer of dielectric oil in which a reflecting plate could be 

set up in many different orientations. A typical suite of 
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model curves for the layered case of a dielectric over a per

fect reflector is shown in Figure 2, along with the corresponding 

theoretical curves. The inaccuracy of the geometric optics 

solution for thin layers is readily apparent. 

Field experience with the RFI technique was gained on trips 

to the Gomer and Athabasca Glaciers (Rossiter et al., 1973; 

Strangway et al., 1974), and to the Juneau Icefields, using 

lunar hardware at various stages of development. Because most 

of the glaciers were known, from independent. work, to approxi

mate plane layered media, we were able to match observed data 

with curves obtained from the geometric optics formulation for 

layered media. In the analysis of the glacier field data, we 

compared, by trial-and-error suites of theoretical curves with 

field data. Attempts at formal inversion are currently under

way (Watts, 1974). 

A typical set of field profiles for the glacier tests and 

their corresponding "best-fit" theoretical curves are shown in 

Figure 3. No single frequency or component was uniquely indi

cative of the parameters (dielectric constant, loss tangent, 



and depth to reflector). However, if we accepting only para

meter sets that give consistent, good (but not perfect) fits 

for all frequencies, and for both of the maximum-coupled compo

nents for which we have theoretical solutions, then we can al

ways find an "acceptable" interpretation. 

SEP Operational Histo;x 

The SEP experiment was done at the Apollo 17 Taurus-Littrow 

landing site. The transn1itting dipole antennas were deployed 

by the astronaut about 150 meters east of the Lunar Module in 

a north-south and in an east-west direction (see Figure 4). 

During EVA-II SEP data are recorded as the Rover moved in a 

westerly direction away from the SEP transmitter towards Sta

tion #2. The traverse as reconstructed from the SEP-LRV naviga

tion data is given in Figure 5. 

From the SEP transmitter out to a range of 1.7 km the re

ceiver operated normally. Between the range of 1.7 km and 4.3 

km the receiver operated in an acquisition mode, attempting 

to acquire a synchronization signal from the transmitter. In 

this mode only partial data is collected. At a range of 4.3 
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km, because of the low received field strength, the receiver 

obtained a false resynchronizing pulse, causing an incorrect 

realignment of the receiver and transmitter timing, and a 

subsequent loss of field strength data from that point. At 

Station #2 the receiver was turned off to aid in cooling. The 

receiver was operating again between Stations #4 and #5; however, 



the signal levels were too low to allow a resynchronization 

with the transmitter. At the beginning of the Station #5 

stop the receiver was turned off, and, although the receiver 

was turned on again at the end of the station stop, because 

the internal receiver temperature was above a safe limit a 

thermal switch prevented it from operating for the remainder 

of EVA-II. 

Data were to have been recorded during EVA-III from the 

SEP transmitter to Station #6 but the astronauts failed to 

turn on the receiver. Therefore, the data which are used as 

a basis for this discussion are those taken from the SEP trans

mitter west to a range of 4.3 km. 

SEP Data and Discussion 

The configuration of the SEP transmitting and receiving 

antennas is shown in Figure 6. Electromagnetic waves of six 

frequencies, 1, 2, 4, 8, 16 and 32 ~Uiz, are transmitted se

quentially by two orthogonal horizontal dipole antennas and 

received by three orthogonal selectrically srnall, loop antennas, 

resulting in 36 readings of the field strength during each 

measurement cycle. 

Positional information from the Rover navigation system 

is recorded as increments and decrements, of 1° in bearing, 

and 100 m in range, and as odometer pulses, each equivalent to 

a .49 meter change in position for the right-front and left

rear wheels of the Rover. 
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The Rover traverse derived from SEP data is compared in 

Table 1 with traverse data produced by the U.S.G.S. (ALGIT, 

1974) and with the traverse reconstruction created from the 

Goddard Very Long Baseline Interferometry Data (I. Salzberg, 

personal communication, January 1974). The VLBI data have an 

absolute accuracy of approximately 40 m. The u.s.G.S. traverse 

is taken from photographic pans made at station stops, and are 

accurate to approximately 10 m for EP-4, LRV-1, and Station 2, 

and to about 50 m for LRV-2 and 3. 

The three traverses are plotted in Figure 7. The maximum 

differences are about 500 m at stops LRV-2 and 3. The differen-

ces between USGS and VLBI traverses are larger than expected, 

and later adjustments of the data may improve the agreement 

among the three sets. For the first 2 km, all three recons-

tructions are in good agreement. 

TABLE 1. COMPARISON OF EVA-II TRAVERSE STOPS FROM USGS, VLBI 
and SEP-LRV NAVIGATION DATA (See Figure 7) . 

STATION RANGE (Km) BEARING 
SEP-LRV SEP-LRV 

VLBI USGS NAV DATA VLBI USGS NAV DATA 

EP-4 .500 .538 .508 80.4 80 83 

LRV-1 2.603 2.603 2.645 80 .9 78 82 

LRV-2 3.750 3.729 3.811 81.4 86 83 

LRV-3 4.248 4.253 4.325 80.2 87 82 

HOLE IN 
THE WALL 5.638 5.683 79.5 81 

STN. #2 7.46 7.6 68 71 

A set of SEP field strength data is shown in Figure 8. Each 
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plot contains either the endfire or the broadside components for one 

frequency, plotted as a function of range, in free-space wave-

lengths. The data are plotted for a maximum distance of 1.7 

km or to 20 free-space wavelengths. 

For each frequency, six components are measured. Three 

components- H~endfire, and~ and Hz broadside are maximum

coupled for a plane layered geometry, while the other three 

are minimum-coupled to the transmitted signal. For all six 

frequencies the maximum-coupled components have an average 

level from 5 to 15 dB greater than the minimum-coupled compo-

nents. These results are in direct contrast to our glacial 

observations. For all our glacier runs the max and n1in compo-

nents were approximately equal in level at 16 and 32 MHz (Strangway, 

~ a1., 1974). We attributed this rough equality of signal level 

to the presence of random scatterers (e.g. crevasses) in the 

ice with dimensions on the order of a wavelength. On this bas~s 

then, infer that few scattering bodies are present in the subsur-

face near the lunar SEP site, with typical sizes of 10 to 300 m 

and contrasting dielectric properties. Scattering experiments 

both in the scale model and on glaciers support this conclusion. 

Further confirmation is obtained, by an examination of the 

H~ endfire component. This component has a near-surface wave 

so large that it effectively masks any interference. However, 

if near-surface scattering is important, this component becomes 

erratic. As can be seen from Figure 8, this component is rela-

tively smooth at all SEP frequencies. The residual peaks and 



nulls correlate well with those in the H~-broadside component. 

Therefore we believe that these two components are slightly 

mixed because the traverse was not completely east-west (i.e. 

not directly off the end of the endfire antenna). 

The other two maximum-coupled components (H~ and Hz 

broadside) have been the most important for interpretation (see 

Figure 9). At 16 and 32 MHz the number of peaks and troughs 

per free space wavelength of range is fairly low, indicating a 

dielectric constant of about 2 to 5. However, the lower fre

quencies show somewhat higher beating rates, indicating a di

electric constant of about 6 to 8, and certainly less than 10. 

These observations imply that the dielectric constant of the 

near-surface material is lower than that of deeper material. 

These results are consistent with the dielectric properties of 

a soil layer over solid rock, as measured on returned samples 

(e.g. Olhoeft et al., 1973). 

The loss tangent is estimated from the sharpness of the 

peaks and nulls in the two major components and from the average 

decay of the field strength with distance. Our analysis indi

cates that the average loss tangent of the sub-surface material 

to a depth of several hundred meters is less than 0.05 and 

possibly as low as 0.002. The fact that the higher frequencies 

have strong signal levels for many tens of wavelengths from 

the transmitter, while the lower frequencies die out relatively 

quickly, indicates that the loss tangent of the near surface 

material is 0.01 or less. These low loss values confirm that 

no liquid water is present in the outer kilometer of the moon. 
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Structure is more difficult to determine unambiguously. 

By comparing the two major components with suites of theore

tical curves for a plane two-layer geometry (i.e. dielectric 

layer over a dielectric half-space), no single set of para

meters has been found that gives theoretical curves in satis

factory agreement with the data at all frequencies. several 

perturbations from the two-layer model have therefore been 

suggested. 

one possible variation is sketched in Figure 10 (a), 

showing a thinning layer of soil over rock. The layer is 20 m 

thick near the SEP site, with dielectric constant of 3 to 4, 

and thins to 15 m a few hundred meters to the west. The lower 

material has a dielectric constant of 6 to 7. Results from 

the Lunar Seismic Profiling Experiment, conducted over the 

same region, show good agreement with this model (Watkins and 

Kovach, 1973). The chief basis for this interpretation is 

the curve for 2 MHz broadside (Figure 9 (b)), which shows little 

interference out to about 4 wavelengths range, but then has 

several dramatic peaks. This behaviour suggests that the layer 

is just thick enough near the transmitter that little energy 

is transmitted either through the layer or through the subsur

face. However, further from the transmitter the layer becomes 

so thin that it is essentially transparent. Although we have 

not obtained theoretical formulations for sloping interfaces, 

we have observed interference patterns for sloping glacier 
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interfaces and for the microwave model that resemble the lunar 

pattern. 

Table 2 lists the parameters of a three-layer model, 

sketched in Figure 10 (b). In this model we assume, (i) that 

layer 1 is so thin that it is essentially transparent to all 

frequencies but 16 and 32 MHz; and, (ii) that the boundary 

between layers 2 and 3 is too deep to have much effect on the 

16 and 32 MHz patterns. Theoretical curves for this model 

are shown for comparison with the data in ngure 9. Although 

the major features of the data are present also in the theoreti

cal curves, the details are not always in good agreement. 

This lack of agreement may be due to slight adjustments in 

loss tangent (the particular features in most curves are very 

dependent on the loss tangent), or due to slight dipping of 

the interfaces (as mentioned above). 

TABLE 2. 

Layer 1 

Layer 2 

Layer 3 

PARAMETERS FOR 3-LAYER MODEL 

(See Figures 9 and lO(b)). 

Depth (m) 

7 + 1 

100 + 10 

00 

Dielectric constant 

3.8 + 0.2 

7.5 + 0.5 

9 ? 

Loss tangent 

0.008 + 0.004 

0.035 + 0.025 

? 
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Another model that fits reasonably well, the observed data 

is shown in Figure 11 and several theoretical curves, obtained 

with the FFT formulation of Tsang, Brown, Kong and Simmons (1974) 

are shown in Figure 12. 



Conclusions 

Despite our present inability to match the lunar SEP 

observations with the theoretical curves calculated for various 

models, we believe that the gross electrical properties of the 

Taurus-Littrow region have been obtained. At the present stage 

of our analysis of the lunar data, we are confident of the 

following conclusions: 

(1) The loss tangent of the lunar material in situ is less than ---
0.05 and possibly as low as 0.002, to depths of 2 to 3 kilometer. 

(2) No liquid water is present at Taurus-Lit trow to a depth of 

2 to 3 kilometers. 

(3) Electromagnetic scattering is not important at any of the 

SEP frequencies. 

(4) Scattering bodies with sizes of 10 to 300 meters are not 

present in the vicinity of the traverse from the SEP-site to 

Station 2. 

(5) The relative dielectric constant is about 3 1/2 near the 

surface and increases with depth to a value of 6 to 8 at about 

100 meters. These values are consistent with the values expected 

for lunar soil overlying rock. 

(6) No model consisting of plane layers has been found that 

fits the observations accurately. Some features of a thinning 

layer, a three-layer model and continuously increasing dielectric 
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properties match some of the features of the observed interference 

patterns. 



(7) The Rover navigation data recorded on EVA II to Station 

2 is in good agreement with VLBI and USGS traverse reconstruc

tions. 
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Figure Captions 

Fig. 1. The three main waves used in radio interferometry. 

The surface wave travels above the surface of the dielectric 

and the subsurface wave travels just below it. Because these 

two waves travel at different velocities, their beat frequency 

is a function of the dielectric constant. Any reflected waves 

from a subsurface horizon also influence the interference 

pattern. 

Fig. 2 Theoretical solutions and scale model data for a 

dielectric over a perfect reflector. The inaccuracy of the 

geometric optics approach for thin layers is readily apparent. 

Fig. 3. Typical RFI data for the Athabasca Glacier and a set 

of theoretical curves. 

Fig. 4. Photograph of the Taurus-Littrow site with superimposed 

information that shows the locations of traverses, major station 

stops, SEP transmitter site, and the explosive package (EP-4). 

SEP data were collected for a distance of 4 km along the traverse 

from SEP-site towards Station 2. 

Dig. 5. Map of the EVA-II traverse, based on LRV navigation 

data, from the SEP site to Station 2. The Rover stops are indi

cated by LRV-1, -2, and -3. 
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Fig. 6 Notation of the field components. Three orthogonal 

magnetic field components are measured for each. transmitting 

antenna. One transmitting antenna was approximately broadside 

to the traverse, the other was endfire to the traverse. 

Fig. 7a,b,c. EVA-II traverse reconstruction as compiled from 

(i) LRV navigation data recorded by SEP; (ii) Goddard Very 

Long Baseline Interferometry; and (iii) U.S.G.S. traverse re

construction from photographic information. The three indepen

dent reconstructions compare favorably to a distance of 3 km, 

although they disagree more than expected near LRV-2 and 3 

(see Table 1} . 

Fig. 8 (a-1). The surface Electrical Properties Experiment 

data for all 36 "components". Each component has been plotted 

as a function of free space wavelength, out to 1.7 km or 20 

wavelengths (whichever is smaller) . The vertical scale is in 

dB, with a reference at -90 dBm, as shown. The component is 

labelled at the end of the curve; H4> endfire, H..f and Hz broad

side are maximum coupled; the others, minimum coupled. The 

pattern has been corrected for a 360° turn of the Rover at the 

position of the EP-4 deployment. 

Fig. 9 Comparison of the theoretical curves (dashed lines) 

with observed data (solid lines) for HJ and Hz broadside. The 

parameters for this model are given in Table 2. 
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Fig. 10 The model with a sloping interface. 

Fig. 11 Model Cll. 

Fig. 12 Typical comparison of theoretical curves for Model Cll 

with observed date. 
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Abstract. The surface electrical properties experiment is presently planned for Apollo 17. It uses two 
orthogonal, electric dipole antennas laid on the surface, each 70 m long (tip-to-tip), to transmit at 
frequencies of 1, 2.1, 4, 8.1, 16 and 32.1 MHz. The signals are received by three mutually perpendicular 
coils mounted on the lunar Rover which traverses away from the transmitter. Information from the 
Rover navigation system is also recorded so that it will be possible to construct profiles at each 
frequency as a function of distance from the transmitter and for each transmitter and each receiving 
coil. Interferences between waves propagating just above and just below the surface will give a measure 
of the dielectric constant and loss tangent of the upper layer. Reflections from either layers or lateral 
inhomogeneities can also be detected and studied. 

One version of the system has been constructed and tested on the Athabasca glacier. Analysis of 
the results shows that at 32 MHz, 16 MHz and 8 MHz scattering dominates the results suggesting that 
scattering bodies of 3S m or less In size are numerous. At 4 MHz, the ice was found to have a dielectric 
constant of about 3.3 and a loss tangent of 0.1 0, both values typical for ice. The depth of the ice was 
found to be around 265 m, a value typical for this glacier. At 2 MHz and I MHz the losses are much 
higher but the dielectric constant is still clearly determined as 3.3. 

1. Introduction 

In this paper we describe the general nature of the Surface Electrical Properties 
experiment now planned for the Apollo 17 mission. This experiment has been designed 
specifically to operate in the lunar environment where there is believed to be essentially 
no moisture present. Electromagnetic experiments on the Earth have a long history in 
the exploration for minerals, but because of the presence of moisture in the pore 
spaces in rocks resistivities greater than about 5 x l 04 0-m are rare. The net result is 
that almost all work on the Earth has concentrated on using audio frequencies to get 
significant depths of penetration. The response parameter for electromagnetic waves 
is given as (e,uoi+iu,uro)1

'
2 where 
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259 THE SURFACE ELECTRICAL PROPERTIES EXPERIMENT 

s- dielectric constant- faradsfm. 
f.l -magnetic permeability- henries/m. 
w- rotational frequency ( = 2n/- frequency in Hz) 
u ~conductivity- mhos/m. 

For most Earth applications Uf.lW ~ llf.lW2 so that the problem becomes entirely one of 
diffusion and no propagation takes place. In environments where the resistivity is very 
high, however, llllu} ~ Uf.lW and the problem becomes one of propagation with all the 
attendant phenomena of diffraction, interference, etc. Early attempts to penetrate the 
Earth at radio frequencies met with little success simply because the penetration 
depth (given by .J(2/uttw) for the diffusive case and (3 x 108)/(n/.J K tan o) for the pro
pagation case where K = relative dielectric constant and tan o = loss tangent) was too 
small. In recent years, experiments on glaciers have shown that it is possible to get 
radio-frequency reflections from very great depths (Rinker and Mock, 1967; Harrison, 
1970) and radar has been used to map the outline of salt domes (Unterberger eta/., 
1970; Holster eta/., 1970). The reason for success in penetrating significant distances 
in these two media is that they both have very high resistivities, on the order of 10+ 6 .Q-m 
or more. Lunar soils and rocks have been shown to have very high values of 
resistivity and accordingly it would appear that the lunar environment is particularly 
suited to depth sounding using radio frequencies (Strangway, 1969; St. Amant and 
Strangway, 1970; Katsube and Collet, 1971; Chung eta/., 1971). 

The properties of typical dielectrics have been reviewed by many workers but for 
those of interest to us, the dielectric constant ranges from about 3 for powders to 
about 10 for solids. Equally important is the general phenomenon that the loss tangent 
is nearly independent of frequency provided there are no relaxations. This was indeed 
found to be the case for the lunar samples (Katsube and Collet, 1971; Chung, 1972) so 
that the lunar materials behave precisely like those earth rocks which have no hydrous 
minerals (St. Amant and Strangway, 1970). The loss tangent may be converted to a 
variety of equivalent parameters. Since it is a measure of the imaginary part of 
the dielectric constant it is also a measure of the real part of the conductivity 
(tan o=Kw u•PP.). If there is a finite conductivity, however, this can be converted to an 
equivalent penetration depth (.J (2/uapp. f.lW )). For a frequency-independent loss tang
ent this relation is illustrated in Figure 1. Typically, the lunar rocks have values of 
.J (K tan o) of about0.05 to about 0.2 and the soils have values less by a factor of about 
4 or 5 (see Table I). At 1 MHz the penetration depth in lunar materials is typically a 
few kilometers while at 30 MHz it is typically a few hundred meters. 

The experimental results to be discussed in this paper were measured on glaciers 
which is almost the only environment on Earth in which a suitable analogue experiment 
can be conducted. The analogy is not perfect, since ice has a relaxation loss that occurs 
in the audio frequency part of the spectrum. The tail of this relaxation spectrum still 
affects the loss tangent in the range of frequencies of importance in the Surface Electri
cal Properties experiment with the result that the loss tangent decreases from 1 MHz to 
32 MHz (Evans, 1965) in such a way that the product/· tano is approximately constant. 
The precise value is temperature-dependent but typically it has values of around 0.2 to 
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: 10 -

i 

ICE 

10 4 10 6 10 1 1012 

FREQUENCY (Hz) 

Fig. 1. Attenuation distance as a function of frequency from lunar samples and from 
remote lunar sensing. 

260 

Straight lines show theoretical values for typical dielectrics which have a loss tangent which is 
independent of frequency. 

(1) Weaver (196S) - thermal emission and radar observations; (2) Tyler (1968) - bistatic radar; 
(3) Chung et al. (1971)- lunar igneous sample 12002; (4) Collett and Katsube (1971) -lunar breccia 
sample 1006S; (S) Collett and Katsube (1971) -lunar fines sample 10084; (6) Gold eta/. (1971)-

lunar fines. 

O.S. if the frequency,!, is given in MHz. This effect is illustrated schematically in Figure 
1 : the attenuation depth in ice is essentially frequency-independent with a value of a 
few hundred meters. Ice therefore, is not an optimum analogue for what we expect in 
the lunar case, but at least it is fairly transparent over part of the frequency range. 

2. Experiment Concept 

The concept of the SEP experiment is illustrated in Figure 2. An electric dipole trans
mitter is laid on the surface and transmits at six frequencies from 1 MHz to 32 MHz. 
Energy is propagated in three ways: (a) above the surface with the speed of light in 
vacuum, (b) below the surface along the interface with the velocity of light in the 
medium and (c) by reflection from layering or other inhomogeneities in the surface. 
These various waves interfere with each other as a function of position along the 
surface. Interference between the surface and subsurface wave gives a measure of the 
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TABLE I 
Dielectric properties of lunar samples and of ice 

Rocks Soil 
Ioolt~ -Io<>6s--~Tioo2- · 12002 ioo84~~- ~ 12o1o Ice 

(near 0°C) 

Dielectric 1 MHz 8.8 7.3 8.3 7.8 3.8 3.0 3.2 
constant lOMHz 9.3 7.3 8.3 8.8 3.8 3.0 3.2 

30MHz - 3.2 
Loss I MHz 0.075 0.063 O.OS1 O.OS6 0.011S 0.025 0.3 
tangent lOMHz 0.021 0.019 0.0158 0.0114 0.0089 0.0053 0,03 

30MHz - 0.01 
-·-~ ~"'-'-- ~ ..... ·~-. ·~- -·- -----~ >---<>-A--·--·-

tRANSMITTER 

/ 

Fig. 2. Sketch illustrating operation of surface electrical properties expel iment and various waves 
expected to be transmitted through and above lunar r.urface. 

dielectric constant according to the formulae= (I+ AK)2 where AK is the interference 
frequency. The rate of decay of the interferences gives a measure of the loss tangent. 
The receiver is mounted on the Rover and measures the field strength as a function of 
range so that the interference frequency can be measured. In addition, reflections from 
subsurface features can be detected as they interfere with the other waves. Transmis
sion is done sequentially from a pair of orthogonal dipoles and the receiver consists of 
three orthogonal loops to measure the field strength of three independent components. 

3. Instrumentation 

Detailed descriptions of the experiment hard wave are planned for future papers so we 
will give only a brief description of the hardware in this section. 
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The transmitter is powered by solar cells and transmits sequentially at 1. 2.1, 4, 8.1, 
16 and 32.1 M Hz, each transmission at each frequency from one antenna lasting for 
101.25 ms. The pair of orthogonal dipoles, each of which is 70 m long (tip-to-tip), are 
powered alternately. These dipoles are half-wave dipoles at 2.1,4, 8.1, 16 and 32.1 MHz. 
A pair of wires is used for the experiment and a set of traps and supressors are built 
into the wires such that the transmitter 'sees' a half-wave resonant dipole at each of the 
frequencies. At 1 MHz the antenna is not a half-wave dipole but loading js used to 
compensate this. Precise matching of the antenna impedance with that of the Moon is 
difficult because of our ignorance of the exact value of the dielectric constant but we 
have designed the antenna for a value of 3.3 which is consistent with the bistatic radar 
results of Howard and Tyler (1972). On the ice, the antenna can be adjusted to make the 
antenna optimum at each frequency. The power radiated is 3.75 W at 1 MHz and 
2.0 W at the other frequencies. The transmission sequence is shown in Figure 3 and 
provides about 10 samples per wavelength per component at 2.1, 4, 8.1, 16 and 32.1 
MHz and 20 samples per wavelength per component at 1 MHz at a vehicle speed of 
8 km h- 1• 

/ \ 

/ \ 
I \ 

I \ 

/ ' / \ r N·l 
1 

•. w 1 TRANSMITTING ANTENNA 
p I 8 I z p I 9 I z RECEIVING ANTENNA 

I+-- 202.5 ma----+1 
THIS SEQUENCE REPEATED 

IN EACH FRAME 

Pia. 3. Format: two frames marked OFF are used to monitor the background external noise at 
all frequencies and to measure the internal noise. The frame markedf cal. is used for synchronizing 

transmitter and receiver and to record the internal temperature of the receiver. 

The receiving antenna consists of three orthogonal coils which are mounted on the 
Rover. The reception of each coil is examined for 33 ms and in sequence. The signals 
are demodulated in the receiver and are frequency-coded by a voltage controlled 
oscillator. This oscillator operates over the frequency range of 300 to 3000Hz, corre
sponding to a dynamic range in the instrument of -35 dbm to -135 dbm. This large 
dynamic range allows accurate field strength recording over a broad distance range 
from the transmitter. The output of the voltage-controlled oscillator is recorded on a 
recoverable tape recorder. With six transmission frequencies, two alternate transmitting 
antennas and three receiving antennas we record a total of 36 separate pieces of infor
mation. 

In the lunar system, navigation data will be recorded in two different ways. On each 
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wheel there is a pulse generated every 0.245 m. We will record every second pulse from 
two separate wheels, for redundancy and as a check on wheel slippage. This means 
that the traverse can be reconstructed in increments of about 0.5 m. These same wheel 
pulses and a gyro-stabilized compass provide the basic input to the Rover navigation 
computer which displays range, bearing, heading, and distance travelled. The bearing 
and heading are computed in increments of I o and the range and distance travelled 
are computed in increments of 100 meters. We will record the bearing every time 
it changes by ±I o (except in the immediate vicinity of the LM) and as a redundant 
check we will record the range in 100 m increments. The range is computed using 
the third slowest wheel, so we will have a separate measure of the wheel slip and 
an internal range check at 100m increments. Finally, since there may be errors that 
will accumulate in both the range and bearing measurements we will use the known 
stop points to correct the traverse. Since these stops are likely to be in increments of 
one or two kilometers, we will have frequent updates to our traverse map. On the 
basis of this information we expect to be able to reconstruct the traverse to an accuracy 
of about 1% of the range and to reconstruct range differences over a few hundred 
meters to about I m or better. 

For the glacier tests, we have used a simple odometer circuit connected to one of the 
drive-wheels which generates signals every 1.5 m. These signals are recorded independ
ently on the tape recorder. These pulses have been used to determine the horizontal 
scale so that all the data discussed in this report have been plotted as field strength 
versus range. 

4. Theoretical Work 

We are reporting elsewhere the theory behind this experiment (Annan, 1972; Cooper, 
1972; Sinha, 1972a, b, c) and have published a paper on some of the most preliminary 
glacier results, (Rossiter eta/., 1972). We will not, therefore, review all these results in 
the present paper. Rather we will only summarize a few points which are pertinent to 
the data analysis. 

The transmitting antennas are crossed dipoles; in the simplest case the traverses are 
run broadside to one dipole and off the end of the other. The geometry is shown in 
Figure 2. The fields H, and H11 from the broadside antenna are both maximum-coupled 
and can be expected to show the interference patterns which are the basis of the 
experiment. Studies of the antenna patterns for these components show that the power 
above the surface is comparable to the power just below the surface so that significant 
interference between these two waves can be expected. In the case of the Hq. compo
nent off the end of the transmitter, however, power is transmitted above the surface 
but very little power is transmitted just below the surface. There is little interference, so 
this component is not as useful for determining the dielectric constant and loss tangent. 

The other components (Hq. and H11 broadside and H. endfire) are minimum-coupled 
to the respective transmitters. These components are consequently useful in looking 
for energy scattered by either surface irregularities or subsurface inhomogeneities. 

The radiation pattern of a electric field dipole at the interface between free space and 
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a semi-infinite dielectric medium contains a single lobe broadside of the antenna and 
two lobes endfire of the antenna as shown by Cooper ( 1972). The broadside or Trans
verse Electric (TE) radiation pattern and the endfire or Transverse Magnetic (TM) 
radiation pattern are illustrated in Figure 4 for a dipole over ice. The dipole is co linear 
with the X-axis in Cartesian coordinates. The angle between the vertical and the peak 
of the lobe is given by sin P=.j (e0/e1) where e0 is the dielectric constant of free space 

~ 

~ 
I 

a 
'? 

! 
I 

~ 
I 

l 

INFINITESIMAL + 
H.E.D. 
DIELECTRIC CONSTANT • 3.2 

~ 
! 

I 

~ 
! 
' 

l 
Fla. 4. Radiation pattern of horizontal electric dipole over ice. The dipole extends along the x-axis. 

and e1 is the dielectric constant of the medium. In the case of ice where the ratio e0 /e 1 

is given by 1/3.2 this angle is about 34°. The energy radiated downwards into the 
medium does not appear at the surface unless there is a reflecting horizon at depth. 
The presence of a horizontal reflector at depth d causes energy to appear at the surface 
at a distance r~ 2d tan p. For ice the depth to a reflector is given as d=0.8 r. In princi
ple it is therefore possible to determine the dielectric constant and the loss tangent 
from the near-field interferences of the H11 and H: components from the broadside 
antenna. Reflections can be studied by the H11 and H: components from the broadside 
antenna and by the Hct> component from the endfire antenna. 

5. Atbabasca Glacier Data 

Most of our work to data has been concentrated on the Athabasca glacier in westner 
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Canada (Figure 5a). It is a well-studied glacier and is very accessible. Previous studies 
based on gravity (Kanasewicl•, 1963), seismology and drilling (Paterson and Savage, 
1963), and electrical sounding (Keller and Frischknecht, 1961) have been made and a 
map of approximate ice thickness is shown in Figure 5b. We have reported on earlier 
preliminary results (Rossiter et al., 1972) and in this paper restrict ourselves to one set 
of data taken in the summer of 1971 with the evaluation model of the flight equipment 
which was described in this report. The profile discussed is shown in Figure 5b and is 
marked by the transmitter at the southern end. The ice thickness is approximately 
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GENERAL LOCATION MAP 

Figs. Sa-b. (a) Location map of the Athabasca glacier. (b) Sketch map of the Athabasca glacier, 
showing the location of the profile discussed in this report. Contours are the generalized thicknesses 

as determined from previous drilling and seismic studies. 
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300 m. The line was run from north to south and then repeated south to north with 
identical results. 

The field strength data for all components at 4 MHz are shown in Figure 6 plotted 
as a logarithm of the power versus the distance in wavelengths. The length of the tra
verse was about seven wavelengths. Of particular interest and typical of all our runs 
at 4, 2 and I MHz is the fact that He and H0 from the broadside antenna and Hq, 
from the endfire antenna are large and fairly smoothey varying functions. In particular 
the Hq, endfire component is quite smooth showing no surface and subsurface 
wave interference. H: broadside, however, shows sharp nulls at about I-tA., 2-tA. 
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Fig. 6. Complete set of data at 4 MHz showing H~. H~ and H, from both the E· W (broadside) 
and the N-S (endftre) antenna. (a) E-W transmitter, H,; (b) E-W transmitter, H~; (c) E-W transmitter, 

H0 ; (d) N-S transmitter, H., (e) N-S transmitter; H~; (f) N-S transmitter, H0• 
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and 3-iA.. These nulls are the interferences generated from the surface and sub
surface waves as shown in Figure 7. Using the 4 MHz data, comparison with theoretical 
curves leads to a dielectric constant of about 3.3 and a loss tangent of 0.10. 

Evidence in this particular subset of the data for reflected energy is not very strong 
but the simple curve is clearly disturbed at a distance of about 5 wavelengths from the 
source. We have compared this curve to a variety of theoretical curves and it appears 
that n depth of about 3.5 wavelengths for a reflector is indicated as shown in Figure 7b. 
This fact suggests a depth to the bottom of the ice of around 265 m. This depth is some
what less than the predicted depth of about 300 m but the agreement is relatively good 
and it is possible that the ice thickness varies locally. 

The other components are generally weaker and show very little character. This 
relation is to be expected for the minimum-coupled components and suggests that 
scattering at 4MHz (75 m) is minimal. At higher frequencies scattering becomes more 
significant and at 32 MHz and at 16 MHz the main structure is that due to scattering . 
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Figs, 7a-b. H. component from E-W antenna. (a) theoretical curves showing effect of varying depth 
to the reflector and dielectric constant with a constant loss tangent ofO.lO. (b) field data and theoreti
cal curves showing effect of varying loss tangent and dielectric constant for a constant depth of 3.5 

wavelengths. 
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In Figure 8 a set of data for all three components from the E-W transmitting antenna at 
16 MHz is shown. The features to note in this plot are twofold. First, all components 
are about equal suggesting that as much energy is scattered into the minimum-coupled 
Hq, component as is present in the maximum-coupled H0 and Hz components. Second 
is the erratic behaviour of the field components, which show a wide range of rapid 
variations on a scale that is smaller than a wavelength. We conclude therefore that 
scattering is a dominant process at 16 MHz, important at 8 MHz and relatively unim
portant at 4 MHz. This observation suggests that the size of scatterers is typically 
about equal to the wavelength at 8 MHz which is about 35 m. 

This result seems reasonable because this valley glacier is heavily crevassed and the 
typical size for the vertical and lateral extent of crevasses could be typically 30m. 
These results are comparable to those of Gudmandsen and Christensen (1968) who 
had trouble doing airborne radio sounding at 35 MHz over valley glaciers in West 
Greenland. They attribute at least part of their difficulties to the presence of crevasses in 
the valley glaciers. 

6. Conclusions 

The radio frequency interference technique developed for the Apollo lunar program 
will be useful for measuring the dielectric constant and loss tangent of the upper layers 
of the moon in the frequency range from 1 MHz to 32 MHz. It will also be useful for 
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detecting layering in the range from a few tens of meters to a few kilometers depending 
on the nature of the layers and of the electrical properties. In addition, it is likely to 
yield information on the presence of scattering bodies. This experiment has been 
tested on the Athabasca glacier. Here it was possible to measure the dielectric 
constant of ice as 3.3 and the loss tangent at 4 MHz as 0.10 giving a value of 0.4 for 
f· tan Ci. The depth of the ice was estinated to be about 265 m, a value in rough agree
ment with other determinations. 
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ELECTROMAGNETIC FIELDS DUE TO DIPOLE ANTENNAS OVER 
STRATIFIED ANISOTROPIC MEDIAi 

.J • :\ • K 0 N" G • 

~;n)ution;; j(l thl' prt•llir•ln pf rarliati<>n pf dipPl<: ;11Jlc:u1;1'' in th<' prt·,.,.IIC<' of:< ,.tratili<·d :tllisotwpic 
1\lr.li:• un' fncilitntcd l•y dcr"Jil)W·.ing u grnn:d 1\';J.\T li<·ld inl" (ra<hi'\'I>T 111:<g1wlir ('1'~11) and tr:<ns-
1'1'1:·•· l'!rclric ('J'f·:) 1\HJ<Jr.·· J•:lllj>l11,1i11g lht• Jlr<•p:<,i',lili<>ll 11\:l(rit'<'>•, \1:1\'1' :<1\l)liil<id>'•, in UI\V ft•t•,inB 

lilt' r··lntt•d to tl"''''' in :ti<Y utl~<·r 1'\'J\i<>n~. The rdiccti<ill ,.,,,·lll,·it·nh, llbi,·), t'lltl>cd :dl tlH· it.Conll:<fion 

:dHt\11 the: g<'<'ill\'lrirnl c<>Jtfii\Ur!ilillll und th<• phy,;iral cun:.tihH'!Ifs of tl1<· lllt'diun:, :<J<' "bi:tincd in 
''"'''" fnn11. 111 vh·w of tlt<• gt'IH'J'al forlllulati""• varit>\IS c;prci:li ra:w;; arr di:·l'll:-<:;cd. 

INTilOI>UCTJON 

Th(' problrm of rnuintion of a dipole !'O\lrce in tlw prt'SI'JlCC of ~tratif:cd media has L\'1'11 ~tudic·tl cx
(!'llSively with application to geophysical exploration. Au rxccllcnl review 011 the half-:::pace wsc j,; 

cnntaim~d in the book hy SommerfdJ (19·19) nnd in the monograph Ly Hai1os (19M). Propag:t.tinn and 
radiation in "twtilied media. <1rc treated by Wait (19'i0) and Wnrd (l<Jo7), \\"olf (J<I.J(,) and J(hat
tacharya (1963) considered the rase of dipoles on a two-byer earth. \\'ail (1951, 1953) ,.olwd the 
problem of electrical and magnetic dipoles over a ~!ratified isotropic medium. The ca:-:e of an aniso
tnlpic half ~pace was studied by Chelncv (1903) and Wail (1966a). l'raus (1965), Siulm and Bhat
tacharya (1967), and Si11ha (1%8, 1%9) treated electric and magnetic dipoles over a two-layer aniso
tropic earth. \\"a it (1%6b) fonnnlly solved the case of a horizontal dipnlc owr <t str;1tificd ani~otropic 

medium. All this work was carried out by means of Sommerfeld's Jicrlzi:m potential functions, anrllhc 
primary intcrl'st i~ conccntratrd in the limits of high conductivity. J\fagnctic propertic:; ~m' almost 
l'ntircly neglected, mainly hecansc such model ~tudics assume principal appliraliOJJ'; to the earth, 
ll'hcre the pc.:rmcahility is nearly equal to !.hat of vacuulll, and the electric conductivity dominates at 
lnw frequencies. ln l'Velllo of o!h<'l' c1·lesti:tl bodi1·~. ~uch a~; the moo11, wh!'··e till' lack of mobturc 
l'<'nder~ vny low eondur.tivity to the lllcdium, a ~t:udy of contribution~ due tc• iill dt·<.l ric and m:tgnctic 
prnpt'l'tit•s is in1portnnt. 

Tlli:> paper b 1kvotrd to the ra~r~ l'f radiation of vnriou~ dipok sr111rt.Ts i:1 th(' ptT.;cnce of a stratif1rd 
ani~otropic nwdiHm. The anis<llrnpil' medium is uninxiul and po~;sc"~l'" hot!: (('n,;ur pnmittivilics and 
prrmcahilitit'S. Tl1c principal axes arc all pcrpcndirlllar to tltc boudarics separating difkrcnl media. 
!'olutioll:; to tlw problem nrc facilitated by clcn•nlJH''·ing a general ll':tve field into T:\1 and TL mode;;, 
employing the concept. of propagation lll:ttrirl's, nnd expressing the rclkrtinn coc/licil'nts in trrms 
oi continuous fractions. The prinw ry excitation is st:paratcd r.u tirel y from con tri!Julions due to the 
medium. The reileclion coeflicients depend on the gco1nclric configurations a~ well as the physical 
properties of the stratified medium. 

In ~tudying the theory of elcctrOJnagnctic wave propagation, it has been appreciated l1oll: classic:dly 
and quantum mechanically (Kong, 1970) that introduction of a potential function is not nccc:;sary and 
sometimes complicates the algebra, especially when anisotropic media arc involvt'd. Witl1 recognitinn 
of the fact that outside any 5ourcc two scalar function,; are sufficient to determi11c all field quantit ics, 
two components of the field vectors can be chosen as the fundamental scalar function~. Jn our case, 

t Manuscript received hy the Editor J\larch 10, 1972; revi~cd nw.uuscript July 12, 1~72. 
• i\lnssachusetts Institute of Technology, Cambridge, i\lassachusctts 02139. 
(i') 1972 by the Society of Exploration Geophysicists. All rights reserved. 
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thr preferred field components for T~l and TE dccompo~ition arc dearly tho,;c along the principal 
axis and normal to boundaries of stratilication. With the aid of propagation matrices (Kon~, 1971), 
wave an1plitudes in any rrgion arc ea5ily calculated in terms of llwsc in any other region. Writing 
in the form of continuou~ fraction~, we obtain a closed-form solution for the rdlcction codlidcnts. All 
field component~ are t~xpresscd in terms ot integrals which arc ready for direct numerical evaluation. 
1\ di~cu~~ion is given for the various special cases. 

TllANSVI\R$1i m.liCI'IUC AND MAGNiiTTC WAV•:s 

Unvcmin~ equations for l'lectrnmngnr·l it: fields in a region outside any source arc the Max well's 
source frc<' equation~. 

(la) and (t b) 

ll'lwrc in (Ia), ~is the panwabilit.y t.cnsnr of the 11\e!litt. The t.l'nsor ~ill (lb) C\llllain:; information 
nbout the dielectric ron~;tanl and lhc conductivity of the medium. t•~e' l·i;;", where t 1 is the permittiv
ity len~nr, and t 11 is related lo the conduct idly tensor;; by E11 ~~:T/<v. Time harmonic cxcitatinns with 
time dt•pcndcncc np ( -- hvl) have been a~;sumcd. The tensors t and j'i can be represented by hermitian 
m:ttrice:<. In our case, we consider media which arc uniaxially anisotropic, where 

' ..] (2a) and (2b) 

W c employ cylindrical coordin<ttcs, and the plane transverse to the z axis is characterized by p and cp. 
Longitudinal elcclric anu magnetic components E, and II, arc used to derive TE and T:M waves. The 
wave equations to be ~ali~lied by R, and lfz arc immediately derived from equations (1) and (2). If we 
take the z component of ( 1 b) in view of e gi vcn by (2a)' employ (1 a) to eliminate transverse magnetic 
field compo1H'nts, and usc the fact that Y'· E = (1-a)aR,/clll," the equation forE, is 

( 
2 ()

2 
l ) 

¥'1 + ~~ -- + k a E, = 0. 
()z2 

We nlr,o obtain the wav•! equatinn for ll,: 

In equations (3a) and (3b), 

and 

( 
2 ()

2 
2 ) v, ·I· b · ---· ·+· k b ll, "' o. 

c)z2 

(Sa) 

(3<t) 

(Jb) 

<tllll b = J-4,/ /-4, (Sb) 

(6) 

is the transverse Laplaci:lll operator expressed in cylindrical coordin:tte~. [tis seen from equations (3) 
that E. and ll, arc d<'coupled, which would not be true if theE and;;. tensors possess off-c.liagonal ele
ment~;./\ unique decon1position of the total wave into a transvcrsc-magnetic-tield (T:-.·l) mode derivable 
from R, and a trausvcr5e-clectric.ficld (TE) mode derivable from If, i,, therefore, plausible. We note 
that a pair of vector wave eqU<Ltions can be rkrivcd from (1) and (2): 

and 
V' 2E -1- k2E + (t~- 1)k 21~.~ +(a- l)V(iJJ!.,jiJ;>) •= 0 

V2H + /~ 2H ·I· (b- 1)k2fl,z + (b -- l)V(rlll,/clz) = 0. 

(7a) 

(7b) 
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Equation (7n) i:; the Vl'ctnr waw l'quati\>11 f11r th<· rt,·ctric til'I•L oi '1'-:\1 W:t\'l'' ll'lll't\' !l,, 0, and (/h) is 
the wan· t'r)\T:l t ion for· the 111:t)1;t11'tic lid<h of TE \';,,, .•. ,, whnc 1·: .. · 0. Th,• ij n>mpntH'nt oft he t \\'o \'<'rl< >I' 

t•quatinn~ (7) r,ive!' rise to <'quatil>n (3). 
Snlutinn~ of /<:,and TJ. !.> tlu· w:r\'l' l'quali<lll (3} in cylindrical roordirr;tll'~ arc \\'ell ktHl\\'tl. :\~;a 

cnnl>NJUl'lltc of the J\laxwcll equation~; (1), all tr:tu:•Vl'l'sl~·l'hTiric- and ntagnrtir fll'ld cotlljHllrcrrts ran 
be exprl'S5l'd in term~ of the longitudina.l components F, and 1!, which, rcswrtivcly, rharact•·riY.c the 
T~l and the TE wave~ . .In our problem~ we an· interested irr wave ~,,Juti<>ns which ar1~ outg·.>ing in 
{>direction and tl'llvdinA or standing in£ dirccti1>IL Thcrdore, WI' obtain, fo1 a fr"ed scparati<•n con-
8lant 11, 

and 

HN: =I"' dkp 
-·0) 

• Wf. . (•) , (n) (I) ,1'M' 
--1 - 2·(!1 c •k• '+ /Jr•'··· ')II,. (k,,p).S, (</>) 

kp p . 

WE (•) (<') (l)' 7'M 
i ·- (Ac--•'k, '+ Hei!, ')ll,. (k.p).)',. (¢) 

"~p 
0 

, WJ.I . (m) . (m) (1)' T!i 
-·t T (Ce-·•k, • + De•k• •)JJ,. (/opp)S" (q,) 

p 

0 

(X b) 

(8c) 

(8d) 

where superscripts 'I'M and TE denote, respectively, Tl\J and TE waves. \\'c note that if the inlc
grauds forE, and Jl, arc denoted, respectively, by E.(kp) ancl//,(/~p) sucl1 thal 

then the intcgrands of the transverse components :trc related to E,(k.) and JJ,(I~.) hy the following 
relations: 

(<Ja) 
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nnd 

1 
II,U·p)u c-, -~..2 \t( .JI/,(1~.)/il: I, (%) 

p 

whe1·e 

.E, ,.,. ~!:',, H, ·"' ell,, and 
() • 1 {) 

\, = j)-- + cf>- -- • 
iJp p iJp 

Th1: fact th:lt TI\T wave:; an: cxtrarmlinary waves in the medium is signilil'd in CI.Jllation (8) by the 
superscript (c) on the i!-dircd1'd propagation con~tant kY>, which ~atisfies the dispersion relation 

~~~., = (kZ- k2/a)ll2, (lOa) 

TE waves arc Jeriwd from ll, and :;atisfy the di~pcrsion relation 

(lOb) 

whcrl! the supcr$cdpl (m) indicates the d1'1:ct of magnetic ani,;otropy. In (R), the first clement of the 
column m:ttrices {knotes the p component, the second clement the~ comp111H:nt, and the third clement 
the i component. The Hankel functions 1/~ll of the first kind and nth order reprc~cnt outgoing waves in 
1) direction liiiC to OUr choice of the time depcmJence l'li(> (- ic.:l). Sn(cf>) ~tands for sinusoidal functions 
of 'P• Pr\mcs on l/~11>(/.•pp) and S.(cp) denote ditTer(·ntiation wit.h respect to the arguments. The /~p
dcpcndcnt funct.it)ns il, H, C, and Dare to he dett~nnincd by the appropriate boundary conditions. 

PIUMAR\" EXCITATION 

The explicit solutions tu the problem of dipole radiation over a stratified medill!n depends on field 
excitations of the source and the geometrical conti;.:uration and physical constituents of the medium. 
In the ah~l'ncc of the stratiticd medium, the ~olution of electromagnetic fields in an isotropic nwdium 
dlll! to a. dipole antenna, which we refer to:}~ the primary excitation, is wdl known (Adler ct :tl, 1960). 
The solution is u~ually writtl•n in ~phcrical cMrdinatcs. It can b•! tran~formed into cylindrical coordi
nates tu\11 reprcsrntctl by I fankcl functions in the integral form. Writing in the general form, we have 

and 

j•.. {cik,: l <tl ·n: 
[[, :: dk)fu(k,.) . 

1
. 1/,. (!.~,,p)Sn (cf>) 

C-tkrr -oo , 

;~ > 0 

s<O 

z > 0 

s < o' 

(11) 

(12) 

whcrc Ro and [{ 0 char:tclcril.c the slructttn~ and t:xcitati,ln of the dipole. All field components follow 
from l'flllation (8) with H ,~ /) "' 0, A ~oJ·:o, C "'"' o for :: .S 0, and A = C "'' O, lh"' 1\o, ]) ,, ll 0 for ::?. o. 

For the elementary dipoles under con;,ideration, we obtain (:\ppcndix 1): 

1) V crlieal electric dipole: 11 ''" o, s?;·u (<P) ·" I, 

( t.ia) 

2) HorL:outal electric dipnle along x din·rtion, 

2 
. ll/;~ .... 

Eo :c= :1: 1 ·-· · · · ~ e 0 
87rC...'E ' 

and lfo = 0. 

TM 
sl =· cos •/J and 

(tJb) 

(l4a) 
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2 
Ilk 

//p = i·---"· 
87rh, 

3) Vnticalmagndicdipnk: 11''0, s~·,.;(¢),,·1, 

(15a) 

4) Jloriwntal magnetic dipok along:\" direction, . 
I Ak; 

lfo '"' T · ····· z (_ 0 
87r 

7' /,' 

St 

and 

-sin¢. 

,1'M sl :.:: cos¢ and 

'l'J.: 
S, ~"" -- sin rp. 

989 

(l~b) 

(15b) 

(16a) 

(16b) 

ln l'qllatiun~ (I 3) (lt1) I i,., tl1c· rurn·nt th:~t drive~ the dipole, l i~ the rquivalcnt lc.:nglh of the <•lcctric 
dipok, and A i~ tlw nrra .. r tiH· rurrt•Jd lnop t.hnl constitute~ the mat~nl'lk dipolt-. llori;:ontal dipoles 
can hr ohtnilH'd sii11ply by a rol:llinn of rnordinatcs, which arnnunts to changing coo,q1 to ~i11q1 nnd ~i11q' 

tn ·-·co~¢. \\'c note. tlwt a \'\'l'lical l'lcdric dipole C"xcile~ the Tl\1 wave only und a vertkalmagnelk 
dipole cxriti'S the 'J'E \\'ave only, hoth involve Jlankel functions of 1.ero ordn; whereas horizontHl 
dipoles cxicitt• both Till and 'J'E W<LVl'' and require] Janke! functions of the first order. A11 arbitrarily 
orh•ntrd dipok can be treat I'd ns a linear combination of three dipole~; along the x, y, and z axes. 

1>11'01.1·: Al'tn:NNAS OVEH STHA111'IJCD ANISO'l'HOI'IC MEDIA 

Gcomdric conligurntion of the problem is shown in Figure 1. There arc 11 slab regions, and the last 
n•gion i~ numbered t in~tcad of 11 + l, fur the :;akc of simplifu:·ation. ]n each region labeled i, solutions 
of rlcct.romagnetic field culllponenh tnh the form of equation (8) with all quantities subscripted by i. 
In thr Oth region wh~:re we haw the antennas, Ao~·Ho and Co=llo, which arc known from (13)--(16) 
for the three types of antennas under consideration. Thr last region, namely region t, is scmiinfinite, 
nnd we do not expect rrlh·rt ed waves, therefore, Bt """f),'"' 0. 

Boundary conditions at all intcrfacl's require all tangential electromagnetic field components be 
rontintlllllS for nil p and q. (:\ppendix 2). Solutions can lH' facilitated by introducing propagation 
mntrkcs (Kong, 1971). The llJHI':ml propagation matrix for Ti'\1 \I'HVl'~ fnnn !lit• (i+ l)th region to the 
ith rt•gion is dcfin<•tl to IH: 

where 

(<) 
c(:l); 

!.
• (c) 
•u 

[ . (•) ] = cxp ± 1/~(i+!Jz(d,- d;n) , 
2 2 l/2 

""' (/c; - I~Pfa) • 

Matching boundary condition-; at Z'- -d;, \1'<' obtain 

and 

(17) 

(18) 

(19) 

(20) 

(21) 
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l 

HEGION 0 J----•X 
--·-···-----·------ ··--·-··------·-- z == -d 

Kong 

where 

'. (•) ) 
11; =.I; C.\[) (tkj, d; 

and 

(22b) 
REGION I J.L1 ,11 0 
-~---~· ·---· z=-d 1 
~~~~~ 

-------------~·-r·------- z=-di-1 
B_s_~I_9N I I-L1• I z=-dl 

Note that, with R'f.lf denoting rclleclion coeni
cients and 'J'7'·lf denoting transmission cocllicients, 
we can write 

REGION n 
··---.-,----- z=-dn-1 
fLn••n 

----------·····----- z=-d 0 
fLt ,lt REGION l 

Fto. 1. lieomt:Lric conliguration of the problem. 

and 

ao =~ Eo exp [ik,<•>do], 

7'.1f [ (•) ] bo = R Eo cxp -ill, d0 , 

1,rME ["k<•l l] a,= 'o exp ·t , 1,. 

(23a) 

(23b) 

(23c) 

Also, 11 1 '" 0, lwcunse tl11.•n: i~ no rc1kctcd wave in lhc last region. The parameter d 1 in (23c) is introduced 
for conwniencc; it c hw:; not correspond to any distanc1~ and is alway~ multiplcd by e(- );~> to yield 
cxp [ik~;]ct,.]. 'l']l'e clctinition of the propagation malrix is a usdul one. Once wave amplitudes in any 
r1:1Jion are knllwn, tho''' in tiH\ regions above this one arc all detcrmilll·d by (21). Thus the propagation 
matrix ( l i) prop:q{u les 11 "vc a mplil udt's upward. W l~ can also d('li nC' a propag:Llion matrix M~ H which 
propa~n.tn:; w:w(' a 1npli !tid\·~· downward. 

(2,ln.) 

and 

i ((}j) 
.A[ i I l b; · (24b) 

It is easily shown that 

(25) 

Following a paralkl :tnalysis uf the above, we define a downward propagation matrix N:+l forTE 
wa.vt~s. 

i (m) 

i . t(IL(-1-);ItC(--); 
.V;,t = -- . • <m> 

. 2 /L( ·-); 1 te( r) i 

i (m) 

Jl( --· ); 1-lr.( --) i ) 
i (m) 

!l( + L11e( -!- ); 

(
Ci-1·1) ~ , ; (c') - .v,.11 . 
d,.p d i 

An upward propagation 111alrix Ni 1
'
1 is defined as the inwrse of N:!-1: 

i 1·1 {tn) 

itl 1 (''(-!·), e(+); 
N; =- it·l (m) 

2 1-'(-), c(-l); 

-- N; . (Ci) _ i+I(Ci-f.t) 
dr dill 

i+l (m) 

1-'(-); e(--);) 

( )
tl·l ( ) (m) 

Jl-l-;e-; 

and (26a) 

(26b) 

and (2ia) 

(27b) 
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In (26) and (27), 

(m) 
,. /A.,. k.,.. 

u(+) '-"'··-+·-~-.. I ,.. •. q ~-- k(tn) 
#Av qt 

(28) 

[ 
(m) J d1 =D,cxp --ik,., d,., (2%) and k(ffl) (k2 '2/l)'l/?. 

'i: :::::: i- A' ) • (29c) 

Also c0=llo, do».J~2'RJfo, c1= T1'H1fo, and d,=O. We note that for vertical magnetic or electric dipoles, 
only the Tl\l waves or the 'l'E \\·aves, rc,pectivdy, are excited. Tn the case of either a horir.ontal 
electric dipolr or a horizontal magnetic dipole, both Tl\T and TE waves arc excited. 

REFLECTION COJ\l'l'ICIENTS 

In the interferometry mdhocl, our primary interc~t is the rdlccled wave ftelds. From the preceding 
section,\\'<' lH\Vc cstablishl'd that when the wa1·e amplitudPs in region 0 are k11o\l·n, !-\(>lntions in any 
other region can be dctermirwd by using lhr· downward propagation matrices (J.·l) and (?.6). In this 
section \l'c. ckrivc a formula for the rcD<'c.tion cocnicicnt:, which b cxpressed in continutnl~ fraction~. 
We ob~crvc from equation (23) that b,/ae=O, nne! bo/ao gives rise to the n•flcction coc11icients KTM, 

And fHll11 (?.1) an cxprcs~ion for b;/c7; in tl~l'lll5 of ba 11/a; 11 can be established eusily. ln view of (17), 
(21) givt•s 

(30) 

Making u~e of (30), \\'t' obtain a formula in continuous fraction for the rdlcction cocf1icient J(TM. 

1 1 1 1 1 
TM • (d f.(+)o{ E(+)o/e(-)o --- E(-)o/£(+)ol 

R = exp (1.2k. do) -f(::::. )~ 1 -,----- .. -E( +)~;~(-=-)r--- --·-··· 

(c) E( -- ):. ]} + • • · + exp (i2/.:,., (d,. -- dn-1)) -· - · · · . 
e( + ):, 

In the same way we obtnin the reflect ion coefficient. forTE wa vcs. 

1 1 1 1 I 

R7
'H = cxp (i2k!"'>cl0) ~+~{1 -~~~~2~~~~=-~-0--i=-~~=?-0/~-~:~~~ 

~(-)o M(+)o/!l(-)o 

2 l 2 2 2 
(m} lt(--1-)1[ P(+}I/p(-)1- Jl(--)I/p(-1-hj + exp (i2kh (d1- do))·-- 1 -~---··------------·---·-·--

M(-)~ M(+)i/11(-)i 
(32) 

I 

+ • • • + CXJ) (i2k(m)(d - d -1)) !(-:_)~~- • · • ]} . 
nz " n 11(+ )! 

Definition~ of e( ± )!+J and Jl( ± )!+1 arc given in (18) and (28). The subscript n on R1'M and R7'1~ denotes 
the number of layers involved. 
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SUMMARY 

With the rcllection coetlicicnts determined in the last section, we can now sumnHuh:c the formulas 
for all field quantities in region 0, where intnf(•rcncc patterns arc calculated. We have decomposed 
total wave fields into a summation of the T:.\r antl TE wave modes. 

The T~f anti TE solutions arc: 

1) .For a vrrtkal electric dipole, 

and ETN=H7'F.'=O. 

2) For a vertical magnetic dipole, 

(,H) and H = HT.\1 + HTE. 

ikpy :t eJ:ik,<•>, ·+ 1(1'-'' l·:•k}•l, j I/ o<ll'(kpp) 

0 

0 
2 

· kp ( t'k<•l R1''' .. <•l J O>'( ) t -- e • ·, • + · e•··· ' II k p k(•l 0 p 

• 
0 

0 
2 

f "" ( l.lw~) 
ETII' = dkp -i -·--

_., 87r 
. kp ( ± 'k (m) -1- •r" ., (rn) ) . (1)' ( 

- t --... - e ' • ' R r.t•··· ' I! 0 k p) 
k(m) P 

l 

0 

, 2 .. (m) , •. (m) (I)' 
tkp ( ± ettk, • + Rn·e''' ') Jl u (kpp) 

j. 00 ( 1.1) 
H'rti '"" dkp -i--·-

., 871' 

0 
3 

kp . (m) , . (m) (I) 
...... (el:•k• , -1- RT~'·c•k• :)lfo (/.: p) km P 

I 

an•l E7'·11 ~_., H'r.ll = 0 . 

. n For a horizontal electric dipolr along .r direction, 

. (•·) . (.,) " . <··) (!)' 
tk, /.:,,(t:!.•k, '-- R 1·"c'1' ')lit (k,.p) cos<jl 

(•·) 

k, . (•) .. !c' (1) • 
- ... ·· (t: 1·'k, '- R1 ·"c'' .. , ')If 1 (/?0p) Sin <P 

p 
~ .(r) •. (r) (I) 

kp(Jel:~k, r- J?1.1fe'"' ')Ill (k,,p) cos 1> 

1 . (<) . (r) (I) 

-- (::l:cbk, '- RT"'e'"' ')// 1 (k1.p) sin <P 
p 

. (c) . , . (•) ( 1 )' 
-··k,(:l_c 1

·'"' '- RL"e•k, •)l/1 (/?,p) cos 1> 
() 

(.H) 

(JSa) 

(3Sb) 

(36a) 

(36b) 

(3ia) 

(37b) 

3-8 



EM Fields Due to Dipole Antennas 

0 

. ( " . <"'> I R1'I' .,.em> ) /<o' (' ) . 1h'p :.f:t'-'"' • -·- 'c"• '/1 A'rP Slncf• 

r"' ( I C) i . (111) ••• <m> o> 
nnd 1-P'': "' dkp i , - ·· (+c{•"· • + R7 1'c'A• ')lit (kl'p) cos tf• 

• _., gll" p 

4) For a horizontal magnetic dipok along x Jircctit'n, 

f "' ( lAwp.) ETM = dkp - -----.. ---
_., 811' 

f ., ( LJwu) 
E7'B = dkp i. ·---· --

-oo 871' 

f ., (/A) and HTE = dkp ---
_,. 811' 

ikp(J:eiik~->, + R1'I·:ei"~•>,)IJ~1 >' (k,p) sin cf> 

i . (t) , . (t) (1) 
- (:l_:c:Lik, • + RTbc'"' •)JI1 (kpp) cos cf> 
p 

k: . (e) , . (<) (1) • 
- -- --·- (e:l•"• • + R1 Ec'"• •)/I 1 (l· p) sm cf> 

k(t) p 

• 

0 

DISCUSSIONS 

993 

(~7c) 

(~7d) 

, (38a) 

, (.1Rb) 

, (38c) 

• (38d) 

The problem of radiation of various dipole antennas over a !'(ratitird anisotropic medium has been 
solved. In view of the general formalism presented, we can make the following obs<·rvations: 

1) All medium properties such as the constitutive paramrters and the geon1etrical configuration 
are absorbed into the reflection cocfTtcients R.TM aud RTB, which nrc readily computed by equations 
(31) and (32). Clearly, when all regions possess the same constitutive parameters, namely when there 
is no stratification, RTM = R7'R = 0. 
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2) SiiH~t· the nnisntrnpy in IH'I'Initlivity np('enrs unly in f( 1: ), :11111 the ani~olropy in IH'l'IIWability 
nppcars only inJt( +), il is seen frollt (31) 0·1) lhttl N1'M dnr~ nnl di'Jwnd n11 thr. 111ngndk anisotropy, 
ttiHl N'l'n dues not depend on the electric ani:;u(rppy. Both ]{I'M and J(l'l·.' nre seen to be c:vrn functions 

of kp. 
J) It i11 obvious fl'om (35)-·(,38) that a vertical Plcclric diplllc excites TJ\f waves only, and a vertical 

magnetic dipole excites 'l'E wave~ only, whcrms both horiwntal electric and magn<'lic dipoles excite 
both '1'~[ an<l 'I' I~ wa\'eS. l11 the ca~e when permeability is isutropk, the TM wn.vt•s are extraordinary 
wave~, and the 'l'E waves arc oruinn.ry \\'lWt:~. A tumstilc antenna, which consists of two dipoles 
pcrpcndkulnr to each other and driven 90 degrees out of phase, al~o l'Xcitcs both Tl\f and 'J' E waves. 

4) The above formulation can be compared with the potential approach for the various cases that 
exist. In the case of no stratified medium, the rc~ults arc checked hy using the identities 

(39) 

nnd 

(40) 

where r'""P~+z1 in spherical coordinates. \Vc define the number of layers of a stratified medium equal 
to the number of boundaril·~. '.!'he medium below the nth boundary is called the tlh layer. 

S) The one-layer case (or half ~pact>) IH\s been studied extensively. \\'e obtain from (31) and (32) 

1 
'I'M E(-)o (e) 

R = ·-"- exp (i2k, do) (41a) 
E(+ )~ . 

and 

1 
TR J.t(-)o ., (m) 

R =-= ~(+)~ cxp (d/l, d0). (41b) 

In the case of a perfectly conducting half space, E =Ea~ oo. Equation (-lt) gives RTM = 1 and Rl'E = -1. 
6) Observe that all contributions due to all layers below the first arc lumped into the reflection 

coefficient Rn-lt such that 

nnd 

The defmitions for R~':2.t1 and R'{.: 1 follow directly from (31) and (32). 
7) The integrab as presented in (.!5)·,(38) can be programmed directly with a computer or analyzed 

analytically. Asymptotic evaluations of the integrals and numl'rical results for the ekclromagnetic 
field quantities under various circumstances constitute topics of sul)'.;cqucnt papers. 
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AJ>J>ENDIX 1 

ln this appendix we derive NJUation (14) from well-known potrntial solutions fur the dipole. Siu1ilar 
derivation, comparatively simpler, applies to equations (13), (15), and (H•). The vector potential 
solution for the hori?.ontal electric dipole is 

A = A (.6 cos cp- ¢sin cp), where .1 
IC 
·--cikrjr. 
41T" 

The clcctronmgnetic fields arc obtained from 

H =~ v X A and E 
1 

i-- (V(V·A) + PA}. 
Ct'E 

Using the identity (Somnwrfdd, 194<)) 

The field components all can be written in the integral form. For the z component, 

1 
H. = - sin 4> ciA /up and E, = i --cos cp a2 A jfJpc1z. 

WE 

The results arc equations (14a) and (14b). 

APPENDIX 2 

In this appendix, propagation matrices arc derived from the boundary condil ion~. Consider the 
boundary at z= -d;, the continuity of tangential electric fields and the continuity of tangential mag
netic fields yield~, for the T1\I wave~, 
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<•) . (•) (d (rl ( . (c) (<) 
k,. l··· A ;t~•k,. d; + H ,e ·i<·;, d.} = k<i tl>• -A ;ue•k(; H),t; + lht-le-iku ru.·t; l 

q (A ,r'"·(:>.,i + H ,c··ik,<:>.~i l "'' E; I 1\ :1; lleikf:ll>•''' + B '+ ~e--ikml>•''' l. 
For the TE waves 

and (A 1) 

(A2) 

The reason that II'<' can lr<':tt I he TJ\T an• 1 'l' E cases separately is that 1) for the vertical dipole case, only 
T l\[ or ·n: i~ exrilcd; '!.) fnr the horizontal dipole case, although the total tangential fteld components 
c~m:;isl nf both 'ri\l ant! '!'I·: waves, the codlicients of lli1

> and lll1l' separate TM and TE cases. 
\\'c now illu~lrate the dl'rivation for the upward propagation matrix .11;+1 for TM cases. From (At) 

and (A:1) it is straight-fomard to solve for:!; cxp ik)ild; and /3; cxp --ikl~ld;, in terms of il;,.t and JhH· 
U~lll); the definition (2.!) for Oi and /J;, IVC have 

(•) . , (c) 

1 {Ei+l k(iHl•} . (•) 1 {Ei-1-1 k(iH)z) . . (e) 
rt;=- - .. -+ --- ,l,+le'k<•"'>•"•+- ----- .... I..B,Hc-·•k(i'~>•.~, 

2 €; ki:) 2 E; k~!) J 
and (AS) 

(A6) 

Inti'Oducing definitions (tR) and (19), we can write 

1 1 ; l·l <•> i·l·l <<> l 
II;~"·· tE(-t-); cO); ai+l + e(-); e(-); b;+l 

2 
and (t\7) 

1 1 I 1-1 <•> iH <•> } 
b; "''- tf(-); e(+)• a;;.1 + e(+); c(-); b;l·l . 

2 
(AS) 

In view of the dctiniLion for propagation matrix (17), (A7) and (.\S) are immediately cast into the 
form (2 1). The derivation for the downward propagation n1atrix involves a solution for A; 11 , Bq.t in 
terms of A; and H;; the result is equatiom (2•la) and (24b). Similar procedure applied to (A3) and (A'l:) 
yields propagation matrict'S forTE waves. 
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RADIO INTERFEROMETRY DEPTH SOUNDING: 
PART I-THEORETICAL DISCUSSIONt 

A. l'. ANNAN* 

Radio interferometry is a technique for mea
suring in-situ electrical properties and for detect
ing subsurface changes in electrical properties of 
geologic regions with very low electrical conduc
tivity. Ice-covered terrestrial regions and the 
lunar surface are typical environments where this 
method can be applied. The field strengths about 
a transmitting antenna plact•d on the surface of 
such an environmmt exhibit interfrrencl~ maxima 
and minima which are charu.cteri~tic of the sub
surface ckdriral propt'rtks. 

This paper (Part I) examines the theoretical 
wave nature of the electromagnetic lidds about 
various types of dipole sources placed on the sur
face of a low-loss dielectric half-space and two-

INTRODUCTION 

The stimulus for this work was the interest in 
the measurement of lunar electrical properties in 
situ and the detection of subsurface layering, if 
any, by electromagnetic methods. Unlike most 
regions of the earth's surface, which are conduc
tive largely due to the presence of water, the lunar 
surface is believed to be very dry and, therefore, 
to have a very low electrical conductivity (Strang
way, 1969; Ward and Dey, 1971). Extensive ex
perimental work on the electrical properties of 
dry geologic materials by Saint-Amant and 
Strangway (1970) indicates that these materials 
arc low-loss dielectrics having dielectric constants 
in the range 3 to 15 and loss tangents considerably 
less than 1, in the Mhz frequency range. Analysis 
of the electrical properties of lunar samples by 
Katsube and Collett (1971) indicates that the 

layer earth. Approximate expressions for the fields 
have been found using both normal mode analy~is 
and the saddle-point method of integration. The 
solutions yield a number of important results for 
the radio interferometry depth-sounding method. 
The half-space solutions show that the interface 
modifies the directionality of the antenna. In 
addition, a regular interference pattern is present 
in the surface fields about. the source. The intro
duction of a subsurface boundary modifi(•s the 
surface fu·lds with the interf('f!'IH'(' pat tl'rn show
ing a wide range of possible behaviors. These the 
oretical results provide a hasis for intcrpr<'ting 
the experimental results described in Part I l. 

lunar surface material has similar electrical prop
erties. 

Since electromagnetic methods commonly used 
in geophysics are designed for conductive earth 
problems, a method of depth sounding in a dom
inantly dielectric earth prc·:;ented a very different 
problem. One possible method of detecting the 
presence of a boundary at depth in a dielectric is 
the radio interferometry technique, first suggested 
by Stern in 1927 (reported by Evans, 1963) as a 
method to measure the thickness of glaciers. The 
only reported application of the tl'chnique is the 
work of El-Said (1956), who attempted to sound 
the depth of the water table in the Egyptian des
crt. Although he successfully measured some in
terference maxima and minima, his method of 
interpretation of the data is open to question in 
light of the present work. 

t Presented at the 39th Annual SEG International Met,ting, September 18, 1969. Manuscript received hy the 
Editor April6, 1972; revised manuscript received September 22, 1972. 
• University of Toronto, Toronto 181, Ontario, Canada. 

@ 1973 Society of Exploration Geophysicists. All right reserved. 
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The radio interferometry technique is concep
tua.lly quite simple. The essrntial features of the 
method arc illustrated in Figure 1. A radio-fre
quency source placed on the surface of a dielectric 
earth radiates energy both into the air (or free 
spa.ce) above the earth and downward into the 
earth. Any subsurface contrast in electrical prop
erties o.t depth will result in some energy being 
reflected back to the surface. As a result, there 
will be interference maxima and minima in the 
field strengths about the source due to waves 
traveling different paths. The spatial positions of 
the maxima and minima are characteristic of the 

Transmitter 

1 

electrical properties of the earth and can he used 
as a method of inferring the earth's electrical 
properties at depth. 

The problrm chosen for study in the. theoretical 
work was that of the wave nature of the fields 
about various point-dipole sources placed on the 
surface of a two-layer earth. The mathematical 
solution to this type of boundnry-vu.lttc problem 
is found in numerous reference~. The general 
problem of electromagnetic waves in stratified 
media is extensively covered by Wait (19iO), 
Brekhovskikh (1960), Budden (1961), Norton 
(1937), and Ott (1941, 1943). Although the solu-

Air 

Dielectric 

(a) 

Transmitter-receiver separation 

(b) 

FIG. 1. (a) Transmitter-receiver configuration for radio interferometry, showing a direct wave and a reflected 
wave. (b) Schematic sketch of typical field-strength maxima and minima as the transmitter-receiver separation 
increases. 
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tion to the boundary-value problem can be found 
analytically, the integral expressions for fields 
cannot be evaluated exactly. In the radiation 
zone, approximate solutions to the integrals can 
be obtained by use of the theory of complex vari
ables and special methods of contour integration. 
The preceding references, plus numerous others, 
discuss these techniques in detail. Since much of 
the detailed work in the mathematical develop
ment of these solutions is contained in tht~ above 
refcn•nces, the discu~sion of the solutions that fol
low will be primarily aimed at the radio intt-r
fernnwtry application rather than the mathemttli
cal manipulations required to obtain them. 

THI!ORI!1'ICAL BOUNDARY•VAI.UI! PROIILI!M 

Altlwugh the various solutions of the boundary
value problem for horizontal and vt~rtical electric 
and magnetic dipole sources over a two-layer 
earth appear itt the literature, a complett· and 
consistent tabulation of the solutions does not. 
Therefore, the boundary-value problem is out
lined here, and a unified notation is used to ex
press the solutions. This consistent notation is of 
considerable help in later discussions of th1• ~oln
tions. 

The geometry and coordinate systems used in 
the boundary-value problem arc shown in Figure 
2. A point-dipole source is located at a height h 
on the s-axis above a two-layer earth, where the 
earth's surface is in the ;r-y-plane at z=O, and the 
subsurface boundary is at z = -d. The region 
z ~0 is taken as air or free space. The region 
-d :5z <0 is a low-loss dielectric slab, and the 
region z <-dis a half-space of arbitrary electrical 
properties. These regions are denoted 0, 1, and 2, 
respectively. K, and M, are the complex dielectric 
constant and relative permeability of each region, 
respectively. For consideration of vertical dipole 
sources, the dipole moments arc taken aligned 
with the z-axisj for the horizontal dipole sources, 
the clipole moments are taken aligned parallel to 
the x-axis. 

The solutions arc most convl'niently written 
and discussed using the l'lcctric and magnetic 
Hertz vector potential notation. On the assump
tion of a time dependence e· iwt and linear consti
tutive equations in Maxwell's equations, one ob
tains the following expressions for the electric and 
magnetic fields in terms of the Hertz vectors. For 
electric clipole sources, the electric Hertz vector 
satisfies the Helmholtz equation, 

z 

Z•h··············-·~~ 
I I 

I I 
I I 

I I 
Region 0 
Ko"' Mo :7 1 

/ I 

Fto. 2. Geometry of the boundary-value problem for a two-layer earth, showing notation used. 
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p __ , 
Keo 

(1) 

with the electric nnd magnetic fields defined by 

E "" kRn + vv · n, (2) 

nnd 

H ..., - iwKe0V X n (3) 

where k is the propagation constant. wvKMEoJJ.o 
and eo, ~0 denote the permittivity and permeabil
ity of free space throughout. P is the electric di
pole moment density distribution. Similarly, for 
magnetic dipole sources, the results for the mag
netic Hertz vector are 

This choice of scaling parameter makes all the 
following integral solutions dimensionless. 

As shown by Sommerfeld (1909) for a half
space earth, and extended to a multilayered earth 
by Wait (1970), the Hertz vectors for the vertical 
dipole sources have only a z-component, while for 
the horizontal dipole sources, the Hertz vectors 
have both x- and z-components. The vertical di
pole sources have solutions of the form 

1 f"' A ,. + - - ao(A)e-l'o(Z+Ii) HA(Ap)dA, 
2W -oo Po 

(10) 

1 f oo A (4) fl~ =- - [a1(A)el'tZ + a~(A)e-PtZj 
2W -oo Po 

and 

(S) , e-·Poh m(Ap)dA, (11) H = k2n + VV·ll, 

E = iwM~oV X n, (6) and 

where M is the magnetic dipole moment density 
distribution. 

The dipole sourcrs are taken as "unit" point 
dipole sources located in the region z ;:::o. The 
electric dipole moment density distribution is 

P = 411'"Eoo(R)e11 (7) 

where e; is a unit vector in the z-direction for 
a vertical electric dipole source and in the 
x-direction for the horizontal dipole source. o(R) 
is the three-dimensional delta function, and 
R= [x2+y2+(z-h) 2 ] 112. Similarly for the mag
netic dipole sources, 

M = 47ro(R)ei. (8) 

In the following discussions, no distinction be
tween the electric and magnetic Hertz vectors is 
made. When we refer to electric dipole sources, 
the electric Hertz vector is implied; for magnetic 
dipole sources, the magnetic Hertz vector is im
plied. In addition, the free-space wavelength is 
taken as the scaling parameter for all length mea
surements. In other words, a distance, denoted p, 

is in free-space wavelengths, and the true length 
is W p, where W is the free-space wavelength: 

211" 
W=---

w(Eo~o) 112 
(9) 

II~ = _1_ f oo -~-- aa(A) 
2W -oo Po 

, ePIZ+ < 1'2-l't ld-l'ol•!l~(Ap)dA. 

(12) 

A is the separation constant of the differential 
equation, and Pi= (A 2 -k~) 112, with the sign of the 
root being chosen such that the solution satisfies 
the radiation condition. In the above form, after 
scaling by W, A is a dimensionless parameter, and 
kr,;'27r(KiMi) 1' 2 is the relative propagation con
stant of each region. The a1(A) are unknown func
tions of A which are found by satisfying the 
boundary conditions that tangential E and H be 
continuous atz=O and z= -d. 

For horizontal dipole sources, the solutions for 
the Hertz vector take the form 

0 
eikoR 

II =-
'" WR 

(13) 

+ - -- bo(A)e-Po<Z+h) H~(Ap)dA, 1 I"' A 
2W -oo Po 

and 

0 cos cfJ f"" A
2 

liz = ---- -· co(A) 
2W -oo Po (14) 

• e-PoCZ+h) !Jf!:.f)d-;,.; 
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for rrgion 0; 

and 

for region 1; and 

(17) 

and 

(lR) 

for region 2. 
The parameters;\ and 1'1 are the same as for the 

vertical dipole solutions, and the coefficients bi(;\) 
and c1(A) are found by satisfying the condition 
that tangential E and H be continuous at the 
boundaries. 

The boundary conditions for the Hertz vector~ 
and the resulting expressions for llj(;\), bi(;\), and 
c1(A) are tabulated in Appendix A. The expres
sions for a;(;\), bj(;\), and Cj(A) are written in terms 
of the TE and TM Fresnel plane-wave reflection 
and transmission coefficients. Using this notation, 
the similarity of all the solutions is clearly empha
sized and makes general discussion of the solu
tions possible rather than dealing with each source 
separately. 

In discussing the approximate evaluation of the 
above integral expressions, extensive usc is made 
of the plane-wave spectrum concept, since the 
wave nature of the problem is most clearly under
stood using this approach. A brief outline of the 
plane-wave spectrum notation used and approxi
mate evaluation of integrals by the saddle-point 
method is given in Appendix B. 

For radio interferometry applications, the 
fields at the earth's surface for the source placed 
at the earth's surface arc of primary interest; thb 

corresponds to setting both z and h equal to 0 in 
the preceding expressions for the Hertz vectors. 
In tht' following discussions, h is always set equal 
to 0, and, in most instances, z is assumed to be 
close to 0. The solutions arc discussed in two 
parts; the half-space solutions and the two-layer 
earth solutions. The half-space solutions for the 
Herb: vectors arc obtained by setting K, = K2 and 
M1""'M2 in expressions (10) through (18). The 
half-space solution is of considerable interest since 
the fields about the source show interference 
maxima and minima without a subsurface re
flector present. It also provides a base level for 
detection of reflections from depth. 

APPROXIMATE SOI.UTIONS 

llaU-spacc earth 

The solution of the half-space problem is treated 
by numerous authors, and the wave nature of the 
fields is well defined. In the following discussions, 
the results of Ott (1941) and Brekhovskikh (19(l0) 
arc followed quite closely, and detailed discussions 
of various as1wcts of the solutions can be found in 
these references. The wave nature of the fields 
about the source is illustrated in Figure 3. The 
wavefronts denoted A and B are spherical waves 
in the air and earth regions; wave C in the air is 
an inhomogeneous wave, and waveD in the earth 
has numerous names, the most common being 
head, flank, or lateral wave. Waves C and D exist 
only in a limited spatial region, which is defined 
as those points whose position vectors make an 
angle greater than a< with the z-axis. The angle a 0 

is related to the critical ,mgle of the boundary and 
is defined in Appendix B. 

All the dipole sources exhibit the same wave 
nature. To demonstrate how the waves arc de
rived from the integral expressions, the vertical 
magnetic dipole source is used for illustration. In 
the air, the Hertz vector is given by 

o eikoR il?u f 
liz = -~--- ·· + ··· sin 8uRo1(8o) 

" WR 2W c (19) 

• eikoZ coo 9oJ/;,(kop sin 8u)d8o, 

and in the earth by 

(20) 
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.-' 
~ .,,' 
I ,' 
I ,, 

!---oct / : ,, 
I / I , 

REGION 0 

1,' z • 0 -~'---------.Ji.,_---J-------p~ I ,, 
I ' 
I ', 

Lac/'', 
I ', 
I ' 
I ' 

REGION 1 

I 

FIG. 3. Wavefronts aboul a dipole source on the surface of a half-st>ace earth. A and B are spherical waveo 
in the air and earth, respectively, wave Cis an inhomogeneous wave m air, and Dis the head wave in the earth. 

With the aid of the Hankel transform identity and 
(Sommerfeld, 1949), 

elkoR iko f 
-- •- sin80 
WR 2W o (21) 

• 11lko!Z I ~o~ lolJ~(k 0p sin 80)d80 , 

and the relation Rii"" T,i-1 for the Fresnel coeffi
cients, equation (19) becomes 

o iko f liz = - sin 8oTot(8o) 
2W o (22) 

·eiko/ZI ooa hH~(kop sin 8o)d8o. 

Using the saddle-point method as discussed in 
Appendix B, the approximate solutions of the 
integral expressions (20) and (22) are 

0 eikoR { 
liz = --· Tot(a) 

WR 
. (23) 
~ II I } - -- (Tot(a) + cot aTot(a)) , 

2koR 

(24) 

where R=(p2+Z2) 1' 2, and a==tan-1 p/IZ!. Ex
pressions (23) and (24) correspond to the spheri
cal waves A and B in Figure 3. The bracketed 
terms on the right may be interpreted as the 
modification to the directionality of the source 
due to the presence of the boundary. 

The waves C and D are generated by crossing 
the branch points of Tm and Tto to obtain the 
saddle-point solutions (23) and (24) for angles 
a>a•. As outlined in Appendix B, the contribu
tion of the branch point can be approximately 
evaluated by the method of steepest descent as 
long as a is not close to the branch point. For 
a >a• the expressions 

c -3/2 ik1p-(ki-k~l!Z 
o 2ikt7Jot(l - cot a tan Bot) e 

IJJ = -- ----... -.----... ----------- ·-- (25) 
(k~- k~)Wp2 

and 
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~ ,. ~ I 
likut~lll(l -

:11~ tku., i\A't !'IJI 1. 
I col n tan Otol (' 

IJJ 
(k~ - k~)IV p2 

( 26) 

must be added to (23) tllld (24) in order that the 
solution~ lw correct. Expression (2S) is readily 
identified a~ the inhomogeneous wave C, and (U>) 
corn·spond~ to the latt~rttl wave /J. 

The asymptotic solutions have the form of the 
j.ll'omctrical optics solution pluR second-order cor
n·ction l!'rms. For a perfectly dielectric l'arth, 
expression~ (24) and (20) become infinite as a 
approaches a<, The singular behavior arises from 
tlw second-order terms which depend on the 
derivatives of T10(81). The fmt order term which 
is the geometrical optics solution n·mains 
bound1~d. ln this particular case, the angle a' 
is tht• critical angle of Tt0(8:). As a result, the sad
dk point and branch point coincide at n=o:', and 
the approximate methods used to evaluate the 
intq~rals arc no longt·r valid. Tlw conical surfacl' 
nhout tlw s-axis, dcfmcd by a=(~··, is the region 
where the lateml and sphnical wavrs mt•rge to. 
gl'llwr. In this rt'l·don llll' two wavt•s cannot lw 
considered st•parately; the combined l'llect of the 
saddk point and branch point must be !'valuated. 
!)('tailed analy~is of this region for integrals sim
ilar to expression (20) is gh·cn by Hrckhovskikh 
(11)()0), who obtains an asymptotic solution with 
the geometrical optics solution, as the leading 
term plus a connection term which falls off as 
(k 1R)--&1 4 instead of (kJ~)- 2 • This result indicates 
that the geometrical optics solution still describes 
the fields adequately for a~ac when (k1R)-lf 1«1. 
The correction terms given in (24) and (26), how
ever, arc not valid when ex is close to a". 

The fields at the earth's surface arc of primary 
interest and are obtained by setting z = 0 and 
a=7r/2 in (23), (24), (2S), and (U>). The solutions 
given are valid for this rcgiPn provided the con
trast in material properties is not <'xtremely large. 
In the case of large contrasts, as occur in conduc
tive earth problems, the transmission and reflec
tion coefficients have a pole ncar 8o=7r/2. The 
pole is located at 8o=1r-811, where On is the Brew
ster angle. The role of this pole in radio wave 
propagation over a conductive earth has been the 
subjt·ct of a tremendous amount of discussion 
since Sommerfeld (1909, 1949) equated the con
tribution of this pole to the Zen neck surface wave. 
Numerous peop!P (Norton, 1937; Ott, 1943; Van 

der Waerden, 1lJS1; Hrekhovskikh, 1960; and 
Wait, 1970) have c.onsicll-red the problem since 
then usin,t.( the modified saddle-point technique to 
evaluate the integrals for a~ 1r/ 2. While a tnH' 
surface wave is not rxcitt•d, thl· pole enhances the 
fields near the source in such a mantwr that tht!Y 
fall off approximately as (kR)'"- 1• At large dis
tances from the source, the fields arc those deter
mined by the normal saddle-point method which 
have a (k R)-2 fall off. The transition between the 
ranges is determined by the proximity of Bu to 
7r/2. In the radio interferometry application, the 
earth properties of interest arc those of a low-loss 
dielectric which is assumed to have only moderate 
contrasts with the free-space properties. The pole 
in this case is well away from 7r/2 and does not 
alTect thL· preceding solutions. 

In the particular situation of an earth where 
Mn= M:, tlw llerlz vector for a vertical magnetic 
dipok can be evaluated c·xact ly for z"" It= 0. The! 
result is 

o I 2 [ ( 1) Ilx=llz= . . cikup iku--
(ki-k~)IVp2 p 

(27) 

as shown by Wait (1951). This provides a check 
on the approximate solution. The approximate 
solution, obtained by adding (23) and (2S) or (24) 
and (26) for a=7r/2, is 

which is the same as (27) if third-order terms arc 
neglected. 

The integral expressions for the Hertz vectors 
for the other dipole sources can be treated in the 
same manner as for the vertical magnetic clipole. 
For z.-...Q, in the air, they have the form 

( -illo cos cp sin a)" · · G1(a) + 2 
.•. 

eikoll [ G (a)] 
WR 2k0R 

" c -3/2 (29) 
+(cos cp) (1 - cot c~ tan 010) 
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The G;(a) for the various sources nrc tabulated in 
Table 1. The electric and magnetic fields can be 
obtained by differentiation of the preceding solu
tion~; the particular form of the integrals encoun
tered permits interchangt~ of the integration and 
differentiation steps. 

The half-space solutions demonstrnted that 
interference patterns will be observed in the field 
strengths eVl'n when there is no subsurface re
flector. This is readily seen from equation (28). 
The fields at the earth's surface are composed of 
two propagating components with one having the 
phase velocity of the air, and the other the veloc
ity of the earth. Another important feature of the 
half-space solutions is that the fields ncar the 
boundary fall off as the inverse square of the radial 
distance from the source at distances greater than 
two or three wavelengths from the source. 

A convenient method of interpreting the solu-
' 

tions is to equate the radiation pattern of the 
soutC\' on the boundary to the first-order term in 
the preceding solutions. This technique demon
strates how the boundary modirtes the directional
ity of the source. The radiation pattern is sharply 
peaked in the direct ion of the critical angle into 
the earth. A sketch of tlw radiation pattern for a 
vertical dipole source is shown in Figure 4. This 
directionality of the source is important when re
flections from a subsurface boundary arc con
sidered. 

Two-layer car/It 

The analysis of the integral expressions for the 
two-layer earth problem is carried out in two dif
ferent ways. The depth of the subsurface boun
dary and the electromagnetic losses of the first 
layer determine which approach is more useful. 
The primary method of analysis is to treat the 
first layer of the earth as a leaky waveguide and 
use normal mode analysis. In certain cases the 
mode analysis is cumbersome, and these cases 

Table 1. Coefficients G;(a) for half-space earth solutions for various dipole sources. 

Source 

Vertical 
Magnetic 
Dipole 

Vertical 
Electric 
Dipole 

Horizontal 
Magnetic 
Dipole 

Hertz 
Vector 

Magnetic 

It~ 

Blectric 

II~ 

Magnetic 

n~ 

Magnetic 

II~ 

n 

0 - i(G;' (a) + G( (a) cot ex) 

0 Sot(a) 

0 Sot(a) -i(GJ'(a) + c:(a) cot a) 

('Yot - l)Tot(a)Sot(a) 
----.------.~ ---~-
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. n 

FIG. 4. Sketch showing how a dielectric boundary modifies the directionality of a vertical dipole source placed o 
the boundary. (a) No boundary present. (b) Boundary at Z=O. 

yil'ld more useful results when the integrals are 
solv<~d approximately using the saddle-point 
method of integration. 

The various dipole source~ may all I><~ tn~ated 

in the same manner. For tlw purpo~<· of illustrat
ing the method of analysis, tlw horizontal electric 
dipole source solutions an~ used as an exampk. 
The x- and s-components of the electric Hertz 
vector in the air for this source arc given by equa
tions ( 13) and (14) where the coetlicients bo and 
co arc listed in Table A-2. 

For normal mode analy,is, equation ( 13) is re
written using the integral identity [equation (21) ]. 
The components of the Hertz vector arc given by 

0 ikl f TI, = ---- sin fhm1 0(81) [ 1 + bo(BI)] 
2W c (30) 

• eikoZ coo Bofi!(klp sin 81)d8l' 

and 

0 ik~ f 
Ilz = cos rJ> 2~V c sin 2 B:m10(81)co(01) 

(31) 

• eiko """ BoZ ll:(k 1p sin 0 1 )d0~, 
wht•n• the integration variable is 0,, as clcfinccl in 
Appendix B. The singulariti<·s of the coeflici<·nts 
/Jo and (o ddcrminc the nature of the solutions to 
equations (30) and (31). 

The expressions 

and 

mtoCo=-· 
2po 

'I] o1\o( 1 + R12fJ) 

1 - R1oRt2fJ 
(32) 

. [~ /'o~-=-~~-~-':_~t~.~l:!!"~~)_Sot (~± Xt!!_~ 
(1- X1oX ,j:J)(l- R1oR1?.{3) 
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have branch points at thr two critical angles of 
the two boundarieR in que~tion. Jn addition, 
equation (32) has an infinite set of simplt~ poles, 
and (33) has a doubly infinite set of poles on each 
Riemann surface. These poles an• determined hy 
the normal mode equations, 

0, (34) 

and 

Equatil>nS (.~4) and (3.'i) an· tlw TE and TM nor
mal mode equations, respectively. Both arc trans
cendental equations with infinite sl·ts of roots. The 
relation between the normal modes and multipk 
reflections is readily obtained by expanding thr 
denominators uf equations 02) and (3.i) into 
infinite geometric series. Fur example, 

•n/2 
I C' 

I c 
I 
I 
I 
I 
I 
I 
I 
I 
I c 

I 
I 
I 
I 
I 
I 
t • I 
I 

.. 
(1 ~ Rlf1Rt~f3) - L (RI!d?t~l~)". (3(1) 

n.--0 

The positions of the poll'S and branch points in 
the complex plane determine the wave nature of 
the solutions to equations (30) and (31). The nor
mal mode solutions arc obtaint·d by ddorming the 
contour of integration C to C', as schematically 
illustrated in Figure .'i. The integral from - (11"/2) 
+ioo to1!'/2+ioo, and from7!'/2+ioo to 11"/2-ioo 
is identically zero. Along the first part. of C' the 
integral is zero since the integrand is zero. Along 
the second part of the contour C' the integral is 
zero due to the asymmetry of the integrand about 
8, =71' /2. This rl'sult is common in mode analysis 
and has a widt~ range of applications as discussed 
in detail by Brckhovskikh (1960). The integral 
along Cis l'qual to thl' residul's of the poles crossed 
in dl'forming tht• contour to C', plus the intl'grals 
along contours C1 and C! which run from +ioo 
around the branch points and back to tioo. Thl' 
components of thl' lll'rtz vector are giwn by 

TT/2 

----,I 
I I 

\: 
'I 

C' \1 
'I 

@ 
\1 

Re 9 

c 

~ I. 
:\ 
I' 

c I \c. 
FIG, S. Complex 91-plane showing how integration contour Cis moditicd to C' in order to obtain normal mode 

solutions. Branch points denoted hy solid circles and lh<· poll's i>y square;. 
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Table 2. Residues of poles for normal •node anal)'sll for horl:eontal electric dipole. 

II~ 
Tl\ M!llle 
Residue 

11~ 
1'/•; Mode 
Residue 

n; 
TMMnde 
Residue 

I' ('\'01 - 1) l .. I' [ I' I' • • I' I' I 
where 1(8,) • ~i/>;(Brl ll!o1,o(Bt) l + R12(l1a)tl(8,) ]8 01 (1 + .\: 1s(81 ),8(11 1 )) 

("(II - 1) I' I' I' I' I' 
- -~2P~(9rS l~""'i\o(l1, )S,2(8, )')'.,r.,(8, h,sT .. (I1, )f3(11,)] 

and 

IT~ = 21ri :E (T E pole residues) 

+It+ l2, 

IT~ = 21ri :E (T E pole residues) 

where 

+ 21ri :E (TM pole residues) 

+ Ia + 14, 

It = ~":.!~f sin 8tmto(8t)[l + ho(Ot)] 
2W ., 

• e>koZ •o•loH~(ktp sin Ot)dOt, 

I 2 = ikt f sin 6tmto(Ot) [ 1 + ho(Ot) J 
2W "I 

·eikoZ 001 60 H!(ktP sin 8t)d0t, 

'k 2 

I a = cos cp .:__:_ f sin2 Otmto(Ot)co(Ot) 
2W •1 

• eikoZ coa 6•H~(ktP sin Ot)dOt, 

'k 2 

/4 = cos cp :_:. f sin2 8tmto(Ot)co(81) 
2W ., 

·eikoZ col BoH!(ktP sin Ot)dOt. 

(37) 

(38) 

(39) 

(40) 

( 41) 

(42) 

The solutions (37) and (38) are completely gen~ 
era! and valid provided a branch point and a pole, 
or aTE and TM pole, do not coincide. In the first 
situation, the pole and branch-point contributions 
must be considered together rather than sepa~ 
ratcly, as indicated. In the other situation, (38) 
must include the residue of a second-order pole 
rather than the residues of two simple poles, as 
indicated. Since these situations rarely occur, they 
are not discussed further here. 

The expressions for the residues in (37) and 
(38) are tabulated in Table 2. Approximate solu
tions to the branch cut integrals may be obtained 
by steepest-descent integration as discussed in 
Appendix B. The solutions arc the second-order 
lateral and inhomogeneous waves generated at the 
boundaries. The approximate solutions are listed 
in Table 3. 

The behavior of the fields at the earth's surface 
is very dependent on the position of the singular 
points in the complex 01 plane, which points are, 
in turn, determined by the material properties of 
the earth and the layer thickness d. The important 
features of the solutions are the radial depen
dences and the initial amplitudes of the various 
terms in the solutions. All the residues contain 
Hankel functions, which, for radial distances 
greater than one or two wavelengths, have the 
form 
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Table "· Appruxlmate steepest-tlest:ent solutions to branch-cut integral~ for 
nor'itul mode analysis of the horizontal electric dipole. 

2iko11 ~u(l + Rti(ll~o)tl(ll~o)) 2 
e'koP 

(kl ~ kg)ct--=-:R~;c"9!J~(9~J-)•w;• 
- ,__ • --4-- -~·-- ---- ·--~-- ~-- ~-- -~~-----~-- •• -~ 

. :l 2 1/2 2 2 1/2. 
2ik~112oT;o(ll;2l(l- col ad tan 0~2f312 e'k•p- 2d(k2 -k 11 ··(k 2-

101 
z 

-• ~~--~ •-"~•··---··-·-•~--- •••-----~~--.~ .. ~~---·~w. ••• •- • 

k2(kl- k~)(l - Rto(IJI,)/3(1i1.)) 1W p1 

-~- -- --~~~ - --- --~·- -~~~- .. ~------·--·-··- ·-
• c tk0p c · 3/:1 , <: ik0p~ i2dCki ~k~> 112 

_ 2 (k?~<l>:g~ t-il[~-~~~;: _ + (l ~ =~~ a<J t~~~~o!__Wp~~~(IJw)e ... . _ _ ___ J 
e c ik2p-(k~-A:i> 1122d-(k~--k~> 112z 

cos <Ph(l - cot ad tan litt)-· 311C3(1iu) e 
-----------~ ---~ -· -~ ----------~ -------·- ~------·--·------~--~------- ---- -

2(kl - kl)I 11W p1 

4i·)'lo [llot(l - R:2/3
2
)(1 + Xutl)

2 + ~ot(l - x;,l'/)(1 + R,.m•J 
~ -~ -- , __________ ~~"~----~----·--·~--~~--~-·-~-~---~-·-··· . -- -·· 
ko (l - X tstl)1 (1 - Ru/3) 1 

4irto(l - Yt•hotSuTu[l!otCl + Xu(:l)(l - Ru/3) + ~ot(l - Xtsi'J)(I + R,,I'J)] 
- ~-~k;cc:-;;,)(1:~-xt,~)~<c=-:R;,~)~, - ··~- -

2i'lto1'ttJo.'lotVY2"i"l (rot - 1) [tt2Sto(1 + To ttl - Rtotl2) + llt2TIO(l + s.,(3 - X Hlt12)] 

- 2(1- 'Yuhmu[~.t(l + XJ0/3)(1- Rto{:l) + !l;t(l- Xtofl)(l + R11113)]l 
~ - -
ko(l - r•o)ll2(1 - r•t)112(l - X,ofl)2(1 - R,,(:J) 2 

. • ko 
smlito=

kt 

. • k, 
smiJ,, =

kt 

(43) 

_, l2d I 
Old = tan -~--

where IJf is a pole defined by equations (34) and 
(35). The branch cut contributions, / 1 and fa, 
fall off as p···• with no exponential attenuation, 
while I, and /4 fall off as p- 2 and an~ exponentially 
attenuated when the earth is lossy. The ampli
tudes of the modes arc largest for those poles in 
the vicinity of IJ{o. This effect is related to the 
modified directionality of the source as discussed 
for the half-space fields. When the earth has a 
finite loss all terms in the solution except /1 and 
the first term of fa have amplitudes which decay 
exponentially with increasing loss or increasing d. 

with K2<K1 in case (c). In all cases Mo=M1=M2 
is assumed since permc:tbilities of bulk earth ma
terials vary little from the free-space value. The 
poles lie on the lincs I RtoRt213l = 1 and I XwX,2!JI 
= 1, with the density of distribution of the poles 
on these lines controlled by the slab thicknt•ss d. 
Ford small, the poles arc widely spaced with most 
of them lying high up the lines near the imaginary 
IJ1 axis. For increasing d, the poles move down the 
lines toward 81 =11'/2 and are more closely packed. 
Unattenuated modes occur only when the IJf lie 
on or close to the rcal81 axis. In case (a), the pole 
contours lie on the real axis for Oj 0 :SIJt :$11' /2; unat
tcnuatcd modes can be excited when 81 exceeds 
the critical angle of the free-space-earth interface. 
In case (c), the slab forms a di('lectric waveguide 
wheniJ1 is greater than the critical angles of both 
boundaries. For both (a) and (c), the modes with 
real or less than the largest critical angle arc highly 
damped due to l!llergy leaking out of the slab. In 

The positions of the poles in the complex IJ1 
plane for three ickalizt•d models are illustrated 
schematically in Figure h. The earth consists of a 
perfect dielectric slab ovPr a half-space, which is 
a perfect conductor in case (a), a perfect dielectric 
with K.>Kt in case (b), and a perfect dielectric 
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K
0 

• 1 FREE SPACE 

K2 PERFECT DIELECTRIC 

PERFECT CONDUCTOR 

K0 • 1 FREE SPACE 

K
1 

PERFECT DIELECTRIC 

K2 > K1 PERFECT DIELECTRIC 

K • 0 
FREE SPACE 

PERFECT DIELECTRIC 

PERFECT DIELECTRIC 

FIG. 6. Sketches of complex 01-planc showing positions of branch points and pole lines for.~ simple two-layer earth 
cases; case (a), dielectric slah over a perfect conductor; case (h), dielectric slab over dielectric half-space with 
Ks>K,; case (c) dielectric slab over a dielectric half-space with K,<K1• The dashed lines are contours where 
I RtoRnf31 == 1; the dotted lines are contours where I x,.X,,{:J I = 1; the branch points are denoted by solid circles. 
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cttHt' (h), 1111 unnttt·mwtnl motk can t•xi~t, ~inn· 

l'lll't'gy i~ l'olltimmlly !ltlwinf.( oul of the ~hth into 
llw lower httlf-~lllll't'. The dl't·d of tt linill' lo~~ in 
tlw Hlnb movr~ tlw polt• contours up away from 
thr real axi~, and all modrs have a finite attenua
tion. These morld~ demon~tralc the general posi
tion and behavior of the singular points in the 
complex plane. More detailed studies arc given 
by Wait (1970), Brckhovskikh (1960), and Bud
den (1961), 

The normal mode approach is most useful when 
the distance from the source is greater than the 
depth of the boundary cl and when the earth has 
a very low loss. In a lossy dielectric, the complex 
dil'lectric constant is K'(l+i tan 8), where K' is 
th<• real dielectric constant and tan 8 is the loss 
tangent; and the attenuation distance in free
space wavelengths for a plam· wave is 

(44) 

when tan 8«1. When d approaches the attenua
tion distanct', tlw solutions begin to approach 
those of a lossy dielectric half-spact·. An alternate 
approach to evaluatin~ the fields when the dis
tance from the source i" less than d, or when cl ~ D, 
is desirable, since the normal mode approach is 
cumbersome in these cases. 

The integrals can be approximately evaluated 
by the saddle-point method of integration when 
multiple reflections arc not strong. The fields can 
then be expressed as the half-space solution plt.s 
a contribution from the sub~urface boundary. B~· 
regrouping the coefficients bo and co in the form 

I 
bo = Rot+ bo{3, (45) 

and 

Tlw I h·rt1. Vl't'lor compom•nts can tht•n h\' writ· 
It'll 11.~ 

() 

II,. = '·I + /.~. ( 4!)) 

and 

(SO) 

where Lt and La arc the half-space earth solutions 
discussed earlier, and L~ and L 4, given by 

and 

(52) 

describe the effect of tht· subsurface boundary. 
L2 and L4 can be approximately evaluated by 

the saddle-point method, which results in the ge
ometric optics solution. Since z is assumed close to 
zero throughout, the expression 

(53) 

in the integrands may be regrouped using the 
asymptotic expansion of the Hankel function in 
the manner discussed in Appendix B. L2 and L 4 

then containithe expression 

in the integrand, wht!Tl' R.~= (p2-f-4d2) 1i2 and 
at~= tan-1 (p/2cl). ln this form O'd is the saddle 
point of the integrand and is the geometric optics 
direction of a ray reflected from the subsurface 
boundary. The saddle-point solutions of L 2 and 
L 41 outlined in Appendix B, arc 

c~ = z:~o c~01 - l)Sot1~!_~!:~~~~-:~:~~;;(7-~~!x:~~~S2~~'o_t)~12Rd1] 

-~it~-Rl~~~~~~~t-:01;;~1~~;-:J. 
(48) 
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and 

f~tA'I 1.'11 

L~ "" cos rJ; sin a,, 
lr R, 

where 

·[ocr~~~)-·~; ((>''(ad) 
2ktR, 

+ 3cota<~Q'(a.t)- 2(J(a.t))l 

P = mw(att)b~(a<i)cikoZ(t ~~" ,ir,2 ""ll/2, 

nnd 

Q = mto(a,,)c!(au)eikul (I ~to ,in'l «d)l/2 

-rr/2 

• 

Do 
D 0 

D 0 

DO 
Do 

(5S) 

($(>) 

(57) 

(58) 

Expre~sions ($.5) and (.'i(l) can bt· interpreted a~ 
havinj.( rcplttct•tl llll' subsurface boundary by lUI 

imagt• source at twice lin• dtpth, The image source 
has a radiation pattern which dt•pt'JH!s on there
Jlection und transmission col'flicienls of the boun
daries and the lnyer thick1wss. 

In obtaininK the ~addlt•-point solution, the ef
ft•ct of the poles and branch points has been 
lll~glectt~d; surh ne(.tlect is just itlcd when tht~ 

boundary is deep and the earth has a signiticant 
loss. This is illustrated in Figure 7. To obtain the 
saddle-point contribution, tht integration contour 
C must be deformed into the saddlt-point contour 
1'. The position of 1' in the complex fJ1 plane is 
ddermined by ad, which, in turn, is determined by 
the ratio of the radial distance to the depth of the 
boundary, p/2d. In order that a given pole or 
branch point be crossed when cis deformed tor, 
a,1 must exceed a certain value which is deter
mined by equation (B-11), which defines the con
tour 1'. Since p= 2d tan a", the radial distance 
from the source at which the singular point is 

TT/2 

• 

Fro. 7. Complex 9,-planc showinl-( deformation of contour C to saddle-point contour 1'. Solid circl<"s= branch points' 
squares= Tii poles, and open circles= TM poles. 
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cro~scd in obtaining I' i~ drfint'<l. When the singu
lar point ill a fHlk, the contribution to the inh•gral 
ufter rrossinp; the pole is a residttt' of a form ~imilar 
to tho~l' in Table 2. When tht pole is not on tht 
real 91 axis, tlw n•sidut is l'Xponentinlly attenuated 
with incrcttsing radial rlistnncc. Tht value of pat 
which the poh· mu~t he considered in determining 
tlw integral i~ al~o defined, and is usually much 
greater than the attenuation distanCl' of the mode. 
As a result, the residue of the poll' is extremely 
small and is twgligible compared to the saddle
point contribution. For cast's wlwn some poles lie 
on or ncar tin~ real 81 axi~, n tixcd radial distance 
from the source must he excet·<il-rl before their ef
fect nct·d~ to he considered. Beyond this distltncc, 
the normnl mode approach is more convenient for 
expre~sing the solutions. 

The bmnch-point contributions yield inhomo
geneous and lateral waves generated at or reflected 
from the subsurface boundary. As in the case 
of the poles, a finite distance from the source must 
be exceeded before these contributions need to be 
considered. For the earth models where the saddle
point method is useful, these contributions, which 
arc second-order effect~, arc negligible. When 
these second-order waves are significant in the 
determination of the field strengths at the earth's 
surface, the normal mode approach is the better 
method for computing the fields. 

The two-layer earth solutions cover a wide 
range of possible responses. The important results 
nrc as follow<: 

L When the first layer of the earth is very 
thin and tlw second layer is a low-loss mc
!lium, tlw first layer is undl'tectable. There
sponse of the earth is the same ns that of n 
half-spncc composl'd of the second layer of 
the earth. 

2. When the first layer of the earth is on 
the order of one wavelength thick, the sur
face fields become extremely complex. The 
fields exhibit a p-112 fall-off out to the attenua
tion distance of the least attenuated mode 
which is strongly excited. Beyond this dis
tance, the contribution of the modes becomes 
negligible and the second-order lateral and 
inhomogeneous waves, with no radial ex
ponential attenuation, determine the field 
strengths which then fall off as p-2• When 
modes with low attenuation are excited, they 

arc generally frw in number. Since ench 
propagnte~ radially with a different phase 
velocity, tlw fields will show a regular pe
riodic beating as the various modes move in
and ott t-of -phase. 

3. When the first layer of the earth is lossy 
and several wavelengths deep, the geometric 
optics solution is more useful than the normal 
mode approach. The expression for the fields 
is the half-space solution plus a contribution 
from the reflecting boundary. This is the type 
of solution used by El-Sah! (1956). In El
Said's analysis, the waves propagating along 
the surface were not correctly expressed, and 
the modification in directionality of the 
source due to the air-('arth interfac(' was not 
considered. This form of solution is par! icu
larly useful for a quick computation of the 
strength of reflections from subsurface 
boundaries and of the effect on ~urfacc fields 
of changes in electrical properties. 

4. The saddle-point solution is useful for 
determining the radial distance from the 
source at which the various contributions of 
the singularities of the integrand become im
portant. Since the saddle-point contour is 
positioned in the complex plane by the ratio 
p/2d, a ratio p/2d can be defined for each 
singularity. For normal modes, the radial 
distance defined by this ratio may be inter
preted as the distance from the source re
quired for a given mode to develop. For the 
branch points, this ratio defines the critical 
distances from the source, where lateral 
waves and inhomogeneous waves from the 
subsurfncc boundary rl'ach the surface. 

DISCUSSION 

The radio interferometry technique provides a 
method of determining t'kctrical properties in 
situ and of detecting subsurface stratification of 
the electrical properties in environments which 
arc moderately transparent to electromagnetic 
waves. The theoretical analysis of the two-layer 
earth problem defines the behavior of the fields at 
the earth's surface and provides a basis for under
standing experimental result;; reported by Ros
siter et al (197 3) in Part f I. The various solutions 
derived here arc also useful for computing rough 
estimates of the interference patterns in the fields 
at the earth's surface, provided the asymptotic 
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nntun· of tlw t·xprcssion~ b giwn due rc~pect. 
Exttmpb of the5e arc given in l'art II. 

The half-spncc solution~ prnvide a method of 
determining the dectrical properties fur o. half
space. Any strong departures from the half-spacl' 
wave nature (i.e., a regular interference pattern 
and a p-2 distance dependence) indicate that re
flections from depth are important. When the 
reflections from depth are due to a horizontal 
boundary in electrical properties, the behavior of 
the fields varies considerably. For example, when 
normal modes are excited, the fields fall off as 
p-112 with regular beating in the field strengths 
with distance from the source. 

The treatment of a two-layer earth with plane 
boundaries, homugeneou> media, and point. 
sources is a considerable simplification of most 
n•ttl t~nvirunment~. These simpll' models and the 
u.pproximuh· solutions obtained do, however, pro
vide insight into the fidd l>t'havior in the radio 
intl'rfcrornl'lry applic~ttion. Methods to accurately 
compute field ~trcngths for these modds arc cur~ 
rently under itwestigation. The effect of rough 
and dipping boundaries on the solutions is t·x~ 

trcmely important. Also, the presence of scatter
ing by inhomogeneities in the earth can drasti
cally alter the fields at the earth's surface. These 
problems are virtually impossible to treat in a 
general manner theoretically. Scale model experi
ments seem to be the most feasible method of 
studying these problems. This work is presently 
in progress. 

The free-space wavelength provides the most 

usdul unit nf kngth wht·n discu~sin!-( and plot tin!-( 
radio intcrfcromt'lry data. Scalt• nHHkl con~tnu~
tion is bast•d nn kl't>ping all dimensions t hP sanw 
on till' wavdength scale and having the ~anw loss 
tangent. In the analysis of field data, plot! ing 
distances on a wavelength scale makes compari
son of data taken at different frrqucncics stntight
forward. If the electrical propertiPs are not fre
quency dependent, running the experiment using 
several different frequencies can effectively vary 
the depth of a subsurface interface from a fraction 
of a wavelength to many wavelengths. 

APPENDIX A! COEFFICIENTS AND PARAMETERS 

The coefficients in the integral expressions for 
the Hertz vectors for the variou~ dipole sources 
are obtained by satisfying the boundary con<1i
tions at z=O and z= -d. Without a consbtent 
notation, the coeflicirnts an· Pxtrenwly compli
cated expressions, whkh lost• t lw symmetry of 
equations (1) through (6) and arc difficult to 
interpret physically. In this section, the solutions 
for the coefficients arc tabulated, and the notation 
used throughout the body of the text is defined. 

In Table A-1, the boundary conditions for the 
Hertz vectors are listed. In Table A-2, the expres
sions for the alt..), bj(A), and c1(ll) are listed for 
each dipole source. Examination of these solutions 
shows the symmetry between the electric and 
magnetic dipole sources. lnterchan!-(ing the roles 
of K, and M;, one can readily obtain the solution 
for a magnetic dipole source from that of an 
equivalent electric dipole source, and vice versa 

Table A·l. Boundary conditions for Hertz vectors for various dipole sources. 

Vertical Magnetic Dipole 

(VMD) 

Vertical Electric Dipole 

(VED) 

Horizontal Magnetic Dipole 

(HMD) 

Horiwntal Electric Dipole 

(HED) 

Magnetic 

Electric 

Magnetic 

Electric 

i i+1 
V·II = V·II 

(ill~ 
cJZ 

an~+l 
= ---·-

<JZ 
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Table A·2(a). Coefficients a,(A), b,(A), and c;(A) 
for vertical dipole source. 

Vertical rl! 

Two-layer 
earth 

l'/ot1'o! 
- --· ........ 

1 ~ RtoRt.tl 
M&gnetic ---~--~~----·--- -·-··· 

Dipole 
tJot1'utRtvrJ 

-------·-· --------
1 ~ RtoRurJ 

1 - RtoRurJ 

Xot + Xn/3 

Vertical 
~otSot 

-~--~-----

1- XtoXt2fl 

Half-space 

Rot 

0 

Electric -----·-----~---------- ----

Dipole 
~otSotXI2fl 
----~---

1 - XtoX ,.,fl 
0 

~ntSot~,s,, 
--·· -·~----~ 

1 - X toXnfl 

The various parameters used in the solutions are 
listed in Table A-3. 

The expressions X1h Sij, R,h and T;i are the 
Fresnel plane-wave reflection and transmission 
coefficients. The subscript notation ij has the fol
lowing meaning: subscript i denotes the medium 
from which the plane wave is incident on the plane 
boundary between media i andj. For example, the 
subscripts 01 mean a plane-wave incident from 
the air on the boundary between the air and the 
first layer of the earth. The X;J and S;; are the 
reflection and transmission coefficients respec
tively for a TM plane wave; the Rii and S;J are 
the reflection and transmission coefficients for a 
TE plane wave. 

APPENDIX B: PLANE-WAVE SPECTRUM AND 
EVALUATION m· INTEGRALS 

The physical meaning of tht~ integral expres
sions for the various Hertr, vector solutions is 

much more apparent wht•n the plane-wave 
~pcctrum notation is ust•(l. The form of the plane
wave 5pl·drum us(•d throughout is obtained by 
dcfinin~ three complex angles, 8o, 8,, 82, and trans
forming the integration variable by setting 

The anglt• 9u b used in tht• region?: ;;::o, 91 in the 
region -d 5.l5.0,and9~ in the region Z :S -tl. The 
above transformation is just an expression of 
Snell's law. A plane-wavr incident from tht• region 
Z>Oon the earth's surface at an angle Oo to the 
z-axis is refracted into medium l at an angle (J,, 
and to the z-axis and into medium 2 at an angle 
82, as illustrated in Figure B-1. The reader is 
referred to Clemmow (1966) for details. 

The expressions for the Hertz vectors in equa
tions (10) through (18) transform as follows, 
where the IT~ for a vertical dipole has been chosen 
as an example: 

o eikoR illo f 
Ilz = ----- + -- sin 9oao(Oo) 

WR 2W • 

• eiko coa Bo(Z+h) H~(kop sin Oo)dOo. 

(B-2) 

The integration contour C rum; from -1r/2+i<X> 
to -1r /2 along the real Oo axis to 1r /2 and then to 
w/2-i<X>, as illustrated in Figure ll-2. For the 
angles 8;, the contour C is obtained from equation 
(B-1). The P; transform to - ik, cos 8;, where the 
negative sign is chosen in order to satisfy the radi
ation condition. Substituting for 1', in the Fresnel 
coefficients of Table A-3 results in the more fa
miliar form 

where the TM reflection coefficient is shown as 
an example. 

The integral expressions can be approximately 
evaluated by manipulating the integration con
tour C in the complex 8 plane. The approach is to 
replace the Hankel function by its asymptotic 
expansion, which is valid when the argument is 
considerably greater than unity. 

4-18 
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Table A·2(b). Coefficients d,(>.), b,(>.), and c,(;>.) for hori:mntal dipole sources. 

Two-layer earth 

/'01So1 
~----·-

1-X,oXufl 

Yo1So1X ,2{3 
~-~---.. ·~----~~-- --
1-x,.x,'J{J 

YoiSo!YuSu 

1-XuX,'J{J 

bot -1) r., (I +R 11fl)Sol(l +X u.B)- (Ytt-l)l!o17'toTI2IIIOI"ro1Soti uSI21'l 
-· ~-- -·· . --··------- -- -~---

2Po (1- R,oR12{J)(l- X ,.x ,.,a) 

('Yot-1 )11'" 7'o,So, ( 1 +X .-.B)- (yu-l)R,o1'umotSo!'Yt>S ,,,B 
-------· ·-··--

2Po (1-RtoRt'J{J)(l-XtoX,'J{J) 

("rol-l hot 1'o!Ru.BSo,(l +'Yutl)- (y,,-1) 1'ullloi'Yo!Sot'i uS 12.B 
---~- ---- •--·-· ----·---·~---~-

2Po (1-R,.R,'J{J)(l-X,oXt'J{J) 

Halhpacc 

/'01<~· •• 

0 

0 

1 ( ')'o!-l)l!o!TOI'1121' ,,s., (I+ Xu.B)- ( ')'21-l)l!,,Tu(l +R,oRu/3)111oJ/'OIS ol'Yl~ 12 1 , 
Ca ----- --~--~----------- -- --------- -- ----------·--------- --------- --- -----(Yot-lho!Tol 

2Po (1-RroRu.B)(l-X,oXu.B) 2Po 

=-

bo 

HED ba 

Co 

C! 

Ca 

====--· --~----

1-R,oRu.B 

'Yo1To,R1z.B 

I-R10Rt2ft 

"Yo11'ot'Y12Tu 

1-R10R 12{J 

(yo,-1)S.,(I + X,'J{J) T.,(l +R,'J{J)- ( '~'"- o~~~,._~· .• s"m"'""'To, ... m7',2{J ---- ~---~---~~--"~. -... -----· ·-- ·--·· ---~-

2Po (1-R,oR,'J{J)(l-XtoX"il) 

(-yo,- l)~o,So,7'o,(l + Ru.B)- ( 1'21-l)S ,,X Jo111o!'YoJ1'orYt2T !2{:1 
-·- . -- . --- -----~-· --- ~~- -· 

2Po (l-RJORu.B)(I-X,.X".B) 

1 (-yo,-0fw'io,Xui3CI +Rt2f:l) T.,- (y,,-1 ).~·.,m.,y., Ton·"T".B 
--- -·· - ··------ -·· 

2Po (1- RtoRu.B)(l- X 1oX ,-z,B) 

(')'o!-l)(otSoth!S,z7'oJ(I +R,'J{J)- (y21-l)(t,Sd I +'Yol{:i)lllot/'OI 7't~'YI27'u --- ~.~ ... ~-·····"~--~----· -- ~ ·- -- --
2Po (1-R.oRu.B)(l-X,.X,t{'l) 

Ro1 

() 

1 2l'. ( ')'ot-O~otSoJ 

0 

~-19 
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T~thlv A·~· Puametcrs used and 
llresncl coellidentN. 

!'ammeters 

K i k: 
'"ri.J ... Ill" 

I 
p, 

1/Jij- ---=
P, 

~., .. i~ 
J 

M, 
flu= J.r; 

Reflection: 

Transmission: 

TM Fresnel CoeOicients 

, K;Pt- K;PJ 
\:"... - - ..• - .. 
• IJ K;P; + Kd'i 

. 2K1l'; 
~.·; .. -· ----- -

K)'t + K;l'1 

Relations: xij = s.;- 1 

Reflection: 

Transmission: 

Relations: 

TE Fresnel Coellicients 

.11;1',- AI.P, 
R1; ... -----------.. ---

M;Pi+ M;i'i 
2M,P, 

T,i = ----
M;P;+ M,P; 

R;; =- R1; 

R;; = 1- r,, 

I 
: 
: :c 

l 

<· ~'' S' •. Jfj == ~-· ji 
lltJi 

R1; = 1'1;- I 

e 

FIG. B-1. Illustration of inte~ration variables llo, ll1, 
anrl112 and Snell's law. 

H!(t) ( 2Y'2 = c'(l-(tr/1)) ·;~ 

(B-4) 

. ( 1 
1 

.. ·) . + i81 + 

and 

IJ~(t) ( 2Y'2 = e'(t-(h/·1)) ·;; 

(B-5) 

. (1 3 ... )-+ 
i81 

FIG. B-2. Complex 9-plnne showing contour C, saddle-point contours I' and I'', and the positions of the branch point 
0' and branch cut (chain line). 

4-20 



Radio Interferometry: Part I 577 

·substitution into the integrals, such as that in 
equation (B-2), results in an expression of the 
form 

eiZk 000 l+iko oln 8 (B-6) 

in the integrand, which can be written as 

(B- 7) 

where R"" (p1+ Z2) lis, and R and a are just the 
length and direction of the geometric-optics ray
path. An integral with exponential of the form 
(B-7) is amenable to the saddle-point method 
integration, where fJ=a is the saddle point. By 
drforming C to the contour of most rapid descent 
away from the saddle point 1' one obtains an 
asymptotic series in the parameter (kR)-1 for the 
integral. The leading term in the series is the 
geometric-optics solution to the problem. 

The saddle-point contour 1' is defined from the 
argument of the exponential in expression (B-7). 
Along the contour r, 

ikR cos (0 - a) = ikR - kRs2 , (B-8) 

where 

s2 == - sin (fJ' - a) sinh 811
, (B-9) 

and 

9 = 9' + i8". (B-10) 

The contour 1' is then given by the equation 

cos (81 
- a) sinh 8" = 1 (B-11) 

and is illustrated in Figure B-2. 
An excellent evaluation of the particular types 

of integrals that appear in the text is given by 
Brekhovskikh (1960), and the reader is referred 
to this reference for more detailed discussion. In 
the rest of the discussion, solutions to the integrals 
valid to the second order in k1?"""1 are used. This 
involves using the second-order terms in the 
Hankel-function expansion and then taking the 
asymptotic solution to the integrals to the second 
order. The integrals in the text have two forms: 

and 

ik 
It = -f sin fJA(O) 

2W • 

· e•kz ooo 'H~(kp sin 8)d8, 

(B-12) 

iki 
/2 == ------J sin2 8A(8) 

2W • (B-13) 

• eikz co• 8 1J~ (kp sin 8)d8. 

The solutions to the second order are given by 

and 

(B-14) 

{A"(a)+ A'(a) cot a]}, 

(B-15) 

{ A"(a)+3cotaA'(a)-2A(a) ]} . 

Solutions (B-14) and (B-15) arc valid aH long as 
A (8) is a slowly varying function of 8 near the 
saddle point a. This assumption is valid provided 
A (8) does not have a singular point near a. In the 
expressions for the various A (8) appearing in the 
text, branch points and poles of A (fJ) are of the 
utmost importance in the solutions. The branch 
points of A (8) are the critical angles of the 
boundaries in the problem. The critical angles 
enter all the A (fJ) through the relation 

cos 8i = ± [1 - 'Yii sin 2 8,] 1' 2 (B-16) 

in all the Fresnel coefficients subscripted ij. 
The radical splits the complex 8-plane into two 

Riemann sheets with branch points at 

. • kj 
Sill fJ;j = ± ----. 

k, 
(B-17) 

For the two-layer earth there are two boundaries 
which give two critical angles and result in a four
sheeted 8-plane. In the half-space earth problem, 
the complex 8-plane is two-sheeted. The conven
tion followed throughout is that of taking the 
positive square root. The surface defined in this 
manner is referred to as the upper Riemann sur
face. For one to evaluate the integrals, the branch 
cuts from the branch points must be defined. The 
convention used here is the same as that of Ott 
and Brekhovskikh, who define the branch lines as 
those contours along which the imaginary part of 
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nj\Htlh\1\ (ll-lrl) i:- t.cl·o. Th·· hrnnr.h lint• i~ tiH' 
l'lwin lilw In Flgun• ll-2. 

'J'IH' brttnch point>\ mu:;l be l:thn int•• account 
for ~a,:dt,•-point angks grt•tttcr than t~~'. As illu,
trutcd in Figure H-2, fora>a", in order to ddorm 
contour C into 1', tiH~ branch point 6" must be 
cro,.;sut. A modified integration contour to take 
0' into account i.; ~hown in Figure H-3. A~ long a~ 
a and ,;r art• wdl separated, the ~addle-point and 
branch-point contributions can be evaluated 
~cparatl'iy. '!'he contribution of the branch point 
i,.; a sccond-ortlcr ctT•·ct (Ott, 1941) as long as 
aji>!O" and an approximate evaluation of the 
branch-point contribution can h<' obtained using 
the method of steepest de~Cl'nt. In general, a< is 
obtained by substituting 9=0" in equation (B-11). 
In the particular case of two perfect dielectric 
materials, i and j, forming the boundary, 

and 

. -l(ki) 
a;;= sin k; , l<i < k;. (B-19) 

The ~tc<~pest-descent evaluation of the branch
point contribution is summarized as follows: The 
branch cut integral has the form 

Im e 

'I. (M I I) 

Itt.· r Ill e~ sin" I I 0;.'1 (0,) 
2JF • II (B-20) 

·c••,z """ 0 •/!~(k;p sin O;)d01, 

where the contour Fl runs from i ~ to 9c on the 
left of the branch cut and from oc back to i ~ 
along the right of the branch cut. For approxi
mate evaluation, I JJ is rewritten 

f 
(B-21) 

· siun+(ti 2 l 01[A+(o1)- A-(O;)] 
H' 

. eik;II cos <B•··-<>J d9,, 

where the Hankel function has been replaced by 
the first term of its asymptotic expansion. The 
superscripts + and - on A (0,) denote the sign of 
the radical in equation (B-1 6) taken in A (9,), and 
the contour B' runs from 0:1 to i ~. The contour 
B' is deformed into the stcepcst-descent contour, 
B", away from 0';1. The path of steepest descent 
is defined by 

lm ik;R cos (0;- a) = constant (B-22) 

and is illustrated by the dotted line in Figure B-3. 
On the assumption that k1R » 1, so that only 

I 
I 
\ 
\ 

' ' ' B" \ 
\ 
I 

r I 
I 

~-~n7;~,~--------------~o~====~====~C1~~Re o 

! 

I 
FIG. B-3. Complex 0-plane showing modification of saddle-point contour I' to contour B in order to account for 

branch-point contribution, and path of steepest descent (doltt'd line). 
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angles very close to ~1 contribute si~nificantly to 
the integral, 0; can be sel equal to fliJ in all expres
sions in the integrand l~xcept for the radical. In 
general, 

A +(o,) - A -(o,) = F(8,) cos 8;, (B-23) 

and the integral is approximately 

-ik~+l 
1 » = ~~-_• __ e-·H2n+t>.-r4 

2W 

(B-24) 

For low-los~ nwrlia, 8~1 is dose to the real axis for 
k1<k• or dose to the 7r/2 line for k;<k; in the 
complex 8, plane. The method of solution of the 
integral in equation (B-24) is slightly different in 
the two situations, but the results are identical. 
Here, the 8u will be assumed close to the real axis. 
The approximate solution is valid for fli1 near the 
11'/2 line. 

Along the steepest-descent contour near ffth 

(B-25) 

where u is much less than unity. Then, 

(k
2-k2 1/4 

- I J cos8·~- e-' .. ''v'2u ---) ) k2. I 
I 

(B-26) 

and 

(B-27) 
-k;R sin (01-8~J)u. 

The integraL in equation (B-24) becomes 

(k~- k~)l/4 
- ie-• .. t•v2 ...:..T eikiR """ <B."1-a> 

I (B-28) 

. J v'u e-ki/1 ein (a-B~J)udu. 
B" 

Now, the integral 

I v'u e -a"d tt "-' J "'x2c -6·'\i x 
n'' (I 

(B-29) 

Rearranging equations (B-24) and (B-28), one 
finally obtains 

ik:~ e-in("/
2
> F(o:,J) 

I B = ---- -------------- --------
2W p2 (k~ _ k;.) 112 

. ( 1 - cot 01 tan o:;)- 31 ~ 
·e•'kip aln e11 +ikJ noll si1z 

' 

(B-30) 

which must be added to l'quations (B-1·1) and 
(H-15) when a>a•. 

The assumption in the saddll·-point and steep
est-descent techniques that /d( »I is reasonably 
valid when R is greater than two wavelengths, 
since k>27r and kR> 10 when R>2. 

The poles of the integrands are also of im
portance in the solutions. Discussion of their role 
in the solutions is given in the text. 
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RADIO INTERFEROMETRY DEPTH SOUNDING: 
PART II-EXPERIMENTAL RESUL TSt 

I A ~n: S R . R 0 S S I 'I' 1<: R •, <i ERA L I> i\. LA T 0 R R i\ C i\ t, ;\. I' 1•: ·n: R ANN A l'P, 
1> A VI ll W. S T RAN (i \\' A\' "§, ,, N ll (i 1•: N E 'i ll\1 M 0 N S t 

In ~udt highly n·~i~tive gt•ologic l'llVironnwnts 
~~~ ke slwl'l~, ~nit htyt•rs, and th1• moo11's ~urfan·, 
radio wavt•s pctwtmte with little attenuation. 
The field strengths about a transmitting antenna 
plnct•d on the surfttce of such an environnwnt t'X
hihit interfl•rt•ncc maxima and minima which an· 
indicative of the itHitu dt•ctrical properties and 
the presence of subsurface layering. 

Experimental results from an analog scale 

INTRODUCTION 

The attenuation of electromagnetic wave~ prop
agating through terrestrial rocks i~ extremely 
high due to the moisture content; as a result, EM 
rnl'lhods in the radio-frequency range have not 
found gL'twml use. in explorinl( the earth. A few 
highly rrsistive geologic environnH'nts, such as 
in• sheets (Evans, 19(1;i, \90S, l%7; Jiracek, 19M) 
tUld dry ~nit layers (Untt•rbergcr et at, 1970; 
Hol5er d al, 1972), are RufTicirntly dry to lw 
transparent to radio waves. The uppt•rmo~t luy
t·r~ of the moon are nlw wry resistive (Strang
way, 1969; Saint-Amant and Strangway, 1970), 
and typical attenuation distances (or skin depths) 
for lunar material are shown in Figure I. 

In these materials, EM waves propagate with 
little attenuation and arc useful, in theory, for 
depth sounding. The Surface Electrical Proper
ties Experiment, which was developcct for Apollo 
J 7, uses such a method to measure the electrical 
properties of the moon and to search for layering. 
The method is based on the interference pat tern 
generated between various radio waves. 

model and from lield tt·sts on two gla.cicr~ are 
interpreted on the lmsis of the thcorctical results 
of Part l. 1f the upper ltt.\'l'r is thick, the pattern 
is very simple and the dielectric constant of the 
layer can be easily determined. An upper hound 
on the los~ tangent can he estimated. For thin 
layers, the depth can bt• dl'lermined if the loss 
tangt~nt is less than about 0.1 0, and a crude esti
mate of scattering can be made. 

Theoretical background to the method and a 
general introduction to this series of paper-; is 
presented in Part I by Annan (1973, p. 557). In 
preparation. for interpretation of lunar data, we 
have tested the method both in the laboratory 
with analog scale models usinl-( wavelengths in the 
Cl'nl inlt'(t•r range and in I he licld on glaciers using 
wavt•lcngths about t lw same as will he used on I he 
moon. These results are prcsl'nll'cl lll're. 

INTERFEROMilTI\Y TECHNIQI/Ii 

Radio-frequency interferometry (RFL) is clc
scril)('d simply as follows: A I ransmit ter and asso
ciated antenna on the dielectric surface generate 
RF waves which arc received and amplified at 
some distance. Several waves reach the receiver 

-e.g., A, ll, and C shown in Figure 2. Because 
the various waves travel dilTerent distances and/ 
or at dilTerent velocities, they interfere with each 
other. The interference pattern can be generated 
in one of two different ways. Either frequency or 
distance can be varied, holding the other constant. 
Frequencies of 500 khz to 50 Mhz and distances 

t Presented at the 40th Annual International SEG Meeting, November 9, 1970, New Orkans, Louisiana. Manu
script received hy the J•:!litor April 6, 1972; revised manuscript received November 22, 1972. 

* University of Toronto, Toronto Ill I, Ontario, Canada. 

t Massachusetts Institute of Technology, Cambridge, Massachusetts 02\,W. 

§Presently on leave to NASA Manned Spacecraft Center, Houston, Texas 77051!. 
© 1973 Society of Exploration Geophysicists. All rights reserved. 
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Fw. I. Attenuation dist:tncr in lunar surface material: I. Weaver (1965) -·thermal c•mission; 2. Tyler (1961!) ·
histntic radar; 3. Chunt.t ct al (1971) -igneous sample 12002,58; 4. Katsuhc and Collett (1 1J71) l>rcccia sample 
10065; 5. Katsuhc and Collett (1971) ··fines sample 100!14; 6. Gold et al (1971) -fines, various densities. The fre
quency rnnt.te to he used in the Surf<tCC Electricall'ropntics Experiment on Apollo 17 is marked 'S.E.I'.' 

of a few meters to a few k ilometcrs arc charac
teristic. However, it is not feasible now to build a 
tuned sweep-frequency antenna that gives inter
pretable results over our freqtwncy band of in
tt•n•sl; thus, we restrict ourselves to the variation 
of distance of a few fixed frequencies. 

Two criteria must be met for the RFI method to 
dfectively detect and determine depth of a sub
surface boundary. First, the dielectric medium 

must have a loss tangent less than about 0.1, or 
the amplitude of the waves that travel in the 
medium will be too low to interfere well with the 
direct wave-i.e., the medium probed must be 
transparent at the frequency used. Second, there 
must exist a contrast in electrical or magnetic 
properties below the surface in order to reflect 
energy. 

Several waves are generated which arc im-
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AIR OR VACUUM 

Xmitter RCVR 

REFLECTOR 

FtG. 2. The ba~ic interferometry concept. The interference of the direct waves A and II 
und the reflected waves C is measured at the receiver. 

portnnt near the source. Their geometric relations 
arc illustratt•d in Figure 3. Two spherical waves, 
A and C, tmvl'l din-ctly IH'tll'el'n the trnnsmittl'r 
and the n•ct•ivt•r, Wave C travels in the upper 
medium (air or vacuum), and wavl' A, in the 
earth. Since these waVL'S have rlitTerent velocities, 
they will interfere with each other. This inter
ference gives a ml•asurc of the rliekctric constant 
of the lower medium, sine\' the greater the dif
ference in the velocities of these two waves, the 
greater will be the interference frequency. 

The t1ank, head, or lateral wave B and the 
spherical wave A give the tran~mitting antenna 
a hil(hly directional radiation pat tt·m. The lateral 
wave satisfies the boundary conditions imposed 
by wave C at the interface, since the horizontal 
phase velocity of Bin the earth i, the same as that 

Fto. ,l Wavcfrontsat the air dielectric (z=O) hound 
ary. pi~ the radial direction from the sourct•. Medium I 
i~ air or vacuum (,,,, 11•:), and medium II is a diciPctric 
(.,, 1-11). A b; a s·.•herical wave propagatin1~ mdiall.1· in 
medium II; I~ is a head wave propa•',atin).( downward at 
the critical an).(lc; C is a spherical wave propagating 
radially in medium I; and /)is an inhomogl'.nl'OU~ wave 
propagating radially in medium I, hut altcnu;tting ex 
poncntially with height. 

of wave C in the upper nwdium. To have the 8amc 
horizontal phase velocity, wave B propagates 
downward at an angle {:1 as shown in Figure 3. 
This angle is the angle of total internal reflection 
lwt ween the two media familiar to seismologists, 
defined by 

sin {:1 (1) 

where the critical angle {:1 is the angle between the 
negative z-axis and the direction of propagation 
of wave B, and Eo and E1 arc the dielectric con
stants of the upper and lower media, respectively 
(assuming nonmap;netic media). The ainplitudes 
of A and Bare largest in the din·ction (3. 'l his fea
ture is important in RFI depth sounding since 
energy is preferentially transmitted downward 
at an angle (3. 

The spherical wave A, travding in the lower 
medium, also has a cor,lplementary wave which 
matches the houndaT} conditions. An inhomoge
neous wave f) is produced at the surface; this 
wave propagates radially from the source with 
the velocity of A, hut decays exporwntially with 
height above the surface. This wave is significant 
ncar the boundary, hut its effect decreases as the 
rccciv(:r moves away from the surface. 

A "critical distance" r,. is defined as 

r,. = 2d tan {3, (2) 

where rl is the depth to a plane !wriwntal rc
lln·tor. Three gcn(•ral regions exist: the near-field, 
where the transmitter-receiver distance is much 
less than r,.; the region ncar the critical distance, 
where the hulk of the reflected energy arriws; 
and the far-field, well beyond r,.. In the near-field 
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the intt•rartion lwtll't'<'ll the two sph<·t·iral waves 
!\ and (' dominatt•s and can IH' ust·d to nwasllrt' 
till' di\'lectril' constant of the upper layer. 1\s the 
transmittcr.n•cl'ivcr distattct• approaches r.,, slT

nal different waves with rou!(hly comparable 
ma!:nitudt•s arrive and prodtH'l' a vt·ry confusing
interference patlt'rtL In th•· f;tr-lidd, multiple 
rl'llertions an· important, and only the normal 
mod1·s of the system propagate with low attenua
tion. 

FrPill data obtained in the three rt'gions, three 
pieces of in format ion ran he dl'l•.·rmined. The 
didrctric cons/an/ is related simply to the spatial 
frequency in the near--field. The dcp/11 to an intrr
fnce can he roughly l'stimated from the dirkctric 
constant and tht' rritiral distanct•, Third the 
sluqw pf the curvt• and th•· numher of far-field 
penks are indirntil'l' of the loss I•IIIJ!.t'nl of the 
llpJwr layer. 

Two different rontigur;ilions of l'qttipnH·nt havl' 
IH'I'I\Usl'd in our t\·sts; llanH·I,·, horizontal elt•ctric 
dipoll' sources with magn<'l ir dipole receivers for 
field work, and a vertical magnetic dipole ~ource 
with an r!l'ctric dipoil' r<Tciver for earlr analog 
scall··t1101kl studies. Both hori7.ontal electric and 
vertical magnetic dipoks produce horii10ntally 
pnlari?.ed waves, Since the E lidd polarization is 
then peqwndic.ular to the plane of incidence, the 
refkction codlicient docs not go through the 
Brt>wster angk null, which is ;tssociall'd only with 
waves polari1.ed in the plane of incidence on the 
assumption of nonmagnetic materials. 

The general conti,l.(uration and notation used 
are shown in Figure ·I for the electric dipok, The 
dipole is on the surface, nll·nds along till' x-axis, 
and traverses an· run orthogonal to it. For this 
configuration, approximall' theordiral solutions 
for components /J, ( VPrt ical magnetic field), II,, 
(radial magnetic fidd), and R<~- (tangential electric 
Jiel(l) haVl' been found. The other components 
are twgligiblc for the case of infinite horizontal 
plane boundaries. Nonmagnetic materials have 
been assumed throughout so that p.o=/-l,=f.i.t· 

Three cases involving infinite plane horizontal 
layers have been studied theoretically: 

(a) the half-space; 
(h) the two-layer earth with a perfect rdlector 

at some depth; i.e., either t2·--+ oo or tan 02--> oo so 
that the reilcct ion cocllicicnt of the lowPr boun
dary is always unity; 

(c) the grncral two-lavn earth in which t1~t2 
and tan o,~tan oz. For the experimental results, 

the matPrial pmpt•rti~·~ :liT ~urh tlnlt only ra,rs 
(a) and (h) m•ed to In· considered, Theoretical 
computations arc compan·d with both scale
model and glacier Jicld da Ia. First, however, a 
brief description of I h l' ~call' model and the field 
tests will he given. 

ANALOG SCALE MODEL 

Scaling of an el,•ctromagnet ic mod!'! is particu
larly simple when the condudivity is negligible· 
The wavelength is inver~wly proportional to the 
frequency used, and all ol'her relations remain 
invariant. In our scale model, we used microwave 
frequencies with free-space wavelengths of .3 to 5 
em. By scaling all data in terms of wavelengths, 
modl'i, field, and theoretical results can readily 
IH' compared. 

The first scale model consisted of a kl-,·stron 
source at 10 (;hz f<'l'ding a vertical nHtgnetic slot 
antenna, a small diode receiver, a traversing 
systrcm, and an automatic recording armng1·mcnl. 
The dielectric u~ed was dry, pure quart?. sand 
(1(>0 mesh), and thl' rl'fll'ctor was an aluminum 
plate. The plate and sand Wl're contained in a 

plywood box with sides that. sloped out at about 
..J.S degrees. The box was approximatl'ly .lO wavc·
lcngths long- and l.'i wavelengths wide, at the bot
tom. The setup is shown ~chematically in Figure 

z 

Z=h-----··---------~--

z=o CoPo V 

FiG. 4. General conli~uralion •>f a horimntal <'icctric 
dipole over a two layer carl h. •• is the real dielectric 
constant, /J.i is the permeability, and tan 6, b the loss 
tangent of the ith htycr. 
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FIG. S. The analo).!; scale model. Tht· transmitter was cornposcd of a klystron tube raditttin).!; at 10 (;liz into a rcc
ltlll).!;Uiar WlWC).!;uidt·. A vcrlicalma).!;nctic ~lot antenna was fonm·d hy a slit all he end of the wavc).!;uidc. The transmit 
ter could br raised or' lowered. Si~omals wen· ~t•cc·ivcd hy a small diode which couid traverse for about 20wavelcn).!;lhs 
nt any hci).!;ht. The dielectric usrd Wtts quat t7. sand and the rcllcctor was a flat aluminum plate. Received signal 
strength versus rt·ceivcr position was I<'Corclcd diret·tly on an X \'recorder. 

S. A later wr~ion of tht• scak mockl using trans
fornll'r oil a~ a liquid die!l'ctric has also proved. 
\'l'ry successful. The transmittl'l' and n•ceiwr 
1\'l·rt· small electric dipok~, o1wratccl at (I (;h~,, 

and the modd was contained in a tank lined with 
microwave absorhin,L( material. 

Tht• validity of our t'XIll'rinH'ntal arrangcnwnt 
wus initially tested hy ('omparing model r!'stllls 
with theoretical pn·dictions for a very simple 
ca~t·. The transmitter and receiHr were both 
placed at height /1 above the aluminum pial!· 
without the sand. 

From Part I, the EM radiation from a vertical 
magnetic dipole al height /1 oV!'r a magnetically 
uniform half-~pace is described rom piC'! ely by the 
vertical magnetic Hertz vector, given by 

11': = 
R 

cikoU 1 

+Rot - · ' 
R' 

z ;::::: o, (3) 

wlu·re ko b the wavenumber, Rn1 is the reflection 
c<wllicient at the boundary (z=O), R is the clir<'rt 
di~tancc to the r!'ceiver, and N' is the distancl' 
travelrd by the rctlcctrd ll'a\'l'. If thl' l>ounclary is 
a perfect rl'llector, Rot""- I. For the rl'ceiver at 
height h: 

r, (4) 

and 

Th<' tangentialekrtric field /•:,,. is then 

<'111': 
R.p =- IWJJ. 

clr 

[

eikor ( 

iwJ.l, · ; ik 0 ~) 

(6) 

Then, 

r ( . . I 

y'r~ + 4/z~ (7) 

5-5 



586 Rossiter et al 

where A= -iw~(4'1r~/X~) and is an arbitrary seal
in!{ factor for n unil1111l){IH'(k dipolt', r h; the lrans
mittrr-rcCl'iver Hcparation in wavdcnl{ths, It is 
tlw trnngmittcr-reccivcr hdght above the relkct
in!( plate in wawlen!(thM, and X iM the wavelength 
in free-space. 

Typical comparisons between theory and ex
periment are shown in Figure(). The agreement in 
the position of the peaks is very good. Although 
the amplitudes are on an arbitrary scale and are 
therefore not directly comparable, the ratio be
tween each theoretical and experimental peak is 
approximately constant. Experimental deviations 
from theoretical solutions are not large and are 
primarily due to reflections between the trans
mitter and either the receiver or the sides of the 
box. The good agreement between calculated and 
measured curvt•s was taken as the main proof 
that the experimental arrangement was satis
factory to measure interference between various 
waves. 

GLACIER FIELD TESTS 

I 11troduction" 

Ice is one of the few terrestrial rocks with uni
formly high resistivity. Rcsistiviti<'s of 10'' to 107 

Et/> 

I 
I 
I 
I d•3. I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
II 
II 
I 
I 

ohm-m have ht•t•n nH·asun·d consistently (e.g., 
Riithlishcrgcr, 1%7; Kdkr and Frischknecht, 
19fll). A few !(laciers have hecn cardully nmppt·d 
and arc accessible for lidd tests. We sclcctt·d two 
on which to test the RFI technique. 

The dielectric properties of icc and snow have 
been reviewcrl by Evans (1965). The dielectric 
properties of glacial icc and snow have been 
studied in situ by Walt and Maxwell (1960) and 
by Walford (1968). Two parameters arc important 
-the dielectric constant and the loss tangent. 
Ice has a relaxation in the audio-frequency range, 
but unlike many dielectric materials has none 
near the radio frequencies. Hence, while the value 
of its dielectric constant is frequency independent 
in the radio frequencies, the value of its loss tan
gent is roughly inversely proportional to fre
quency and is strongly temperature dependent. 

From 1 to 30 Mhz, the value of the dielectric 
constant is 3.20 ± 0.05 and is fairly independent of 
frequency, impurities, or temperature. Over the 
same frequencies, .r tan o::::::0.25 at 0°C, but 
f· tan o"'0.10 at -10°C, where f is the frequency 
in Mhz. Although the effects of impurities, cracks, 
air bubbles, and free water on the loss tangent arc 
not wdl understood, the values for losses in gla 
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FIG. 6. Typical theoretical and experimental curves for calibration of thl' seal<' mocll'l. Dashed line is theon:tical 
nnd solid line is scale model. Curves for a depth of 3 wavelengths are on the ldt, and for 5 wavclcngt hs, on the nght. 
No dielectric is present. Scaling is diiTcrenl for each of the four curves. 
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J!IG. 7. C'ro~s-scclion of the Gomer Glacier, from Swiss seismic rlata. 

cier ice are not appreciably different from those in 
pure icc. 

Tht• inverse-fr!'qlll'llCy dcJwndcnre of the loss 
tangent in icl· implies that tlw altt•nuation of an 
EM Wll\'t' in ice is directly proportional to the 
ab~olutt' di~tanct•, not to tlw numher of wave
lengths that tlw waw trawb. Therefore, the 
maximum sounding depth in icc free of scal!erin).( 
bodit·s is virtually independent of t lw frequency 
used hy any radio or radar technique in the fre
qut·nry runge from 0.1 to IH'arly 1000 Mhz. 

Tltt Gomer Glader 

The Gorncr Glacier, located in southern Swit
zt•rland, has been extensively drilled and mapJu·d 
sebmically for the Swiss llydrodertric System, 
and a longitudinal st•ction of the glacit·r is shown 
in Figure 7. It is a deep glarier; the depth in tlw 
test area to the postulated water-table is about 
400 m and the depth to bedrock is SOO m. I I is 
effectively a half-space for the interferometry 
technique. 

Equipment used on the tests, run in September, 
Jl)(J9, was both simple and portable. The trans
mit tcr was a General Radin 1 ,BOA hridgt• oscil
lator, which fed the transmitting antenna through 
a ferrite core I to I balun. Two types of trans
mitting antennas were used: an untuned hori
;mntul electric dipole and :t small (A/10 diam<·ter) 
loop as a vertical magnetic dipole. Output power 
was less than ! watt. The receiver was fed by 
either a S-m electric dipole or a Singer single-turn 
1-m diameter loop, with simple broad-band 
matching to the SO-ohm input impedance of a 
Galaxy R530 communications rect~ivcr. The re
ceiver output was read from a Hewlett-Packard 
427 A portable voltmeter and recorded manually. 

Field procedure consisted of recording field 
strength about every i wavelength along tra-

verses away from the transmitter. Frequencies of 
1, 2 -l, 7, and 10 Min were used. Eq,, IJ., and Hp 
components were measured for both horizontal 
dectric and vertical magtwtic transmitting an
tennas. 

Tltt' Atltalwsca Glacier 

The Athabasca (;lacier, located in Alberta, 
Canada, has also bcm studied extensively: a grav
ity survey has been conducted by Kanasewich 
( 1963),seismic and drilling studies have been made 
by Paterson and Savage (1%3), and EM and 
n·sistivity soundings have been run by Keller and 
Frischknecht (1961). A depth contour map, re
constructed from Paterson and Savage and show
ing our traverse line, is given in Figure 8. The 
thick ness of the ice along the traverse varies from 
about 130m to 280 111. 

The Athabasca Glacier t1•sts, run in Murch, 
I 970 used a crystal-controlled transmitter that 
was operated at frequencies of 2, 4, 8, 16, and 24 
Mhz. Output power was about one watt. It fed a 
ribbon-wire tuned horizontal electric dipole an
tenna through a balun feed network. The an
tenna consisted of several numher-22 wires, each 
cut to the resonant length for a single frequency, 
lying beside each other on the ice surface. Each 
wire was cut to the resonant length of one of the 
frequencies in free space and connecter! in parallel 
to the balun feed. Each wire had to then be cut to 
between 75 and 90 percent of its length in order 
to reflect minimum power back to the trans
mitter. 

This antenna was experimental, and several 
problems may have been associated with its usc. 
The amount of clipping needed to retune the 
wires after they had been placed on the icc was 
insullicient to account for the dielectric contrast 
between icc and air. We feel that each wire was 
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Fw. R. Contour nHLP of tht• :\thai>a~m (:lacier, drawn from tiH' ~ei~mk ancl clrillinp; data of Pat .. rson and 
Savlll-(l' (JQ(l.!). llnn·holcs, with <i<';>ths in nu l<·rs, an• shown. (lur int<•rferonwtry trav,·rs<·lim· is 11\:IJk<·<l 000 111 to 
150011\. 

rml'tiVl'ly coupkd to the other wires, which then 
radiatt•d t•nergy. TIH"rdore, lin• longer wires ll't•rc 
dTectivcly long anll'nnas (grealcr than a half 
wavt'length) for the higher frequencit•s and could 
have radiated significantly niT I he orthogonal 
direction. Thl' antenna was probably not well 
coupled either to thl' subsurface or to the traverse 
direct ion, and spurious rl'lkrt ions could have been 
recriwd from the sides of the glacier. 

The rt·cl'ivcr and t lw lil'id procedure were sim
ilar to those used on the (;orner Clacier with the 
following diiTerences: :\smaller ~-m-dianwll'r loop 
was used for f(, and 32 Mhz. Rmdings were taken 
every ,\ wavelength, to a distanct' of 20 wav•·
lengths or until the signal was too low to def<oct. 
Most traverses were run from NE to SW, al
though a few wen~ run from SW toNE with the 
transmittcr di,;plact·d to t h1· SW end of the Ira
verst• line. Both II, and //, compolll'nls were 
taken, as well as Otll' R¥, traverse. 

RESULTS 

The half-space 

If the boundary between the first and sl'cond 
laye•rs is not important, the only waves which 
n~ach the· receiver are I he direct waves through 
the air (or vacuum) and thl' dielectric. This rase 

IS ~·dmplc· to sol\'l' tiH'oretically, and suil<'s of 
rurvc·s have· been rornpikd for till' 1•:,1., 111, and 1/, 
compoiH'nts (see, for t•xampk, Figun· <J). Therc is 
ver~· good ap;n•t•nH·nt bet ween theory and experi-
mental results from the (;orner Clacier. Figure 10 
shows a typical l'xperimcntal curve and a series of 
tlworl'liraleurvcs for various dielectric constants. 
The interference peaks and troughs align best 
with theN' ralcuhted for flo= 3.2. By com~arison 
with curves like those in Figure 9, Wl' have esti
mated til<' lose; tangent to be less than 0.07 at 
10 Mhz. 

Onl' intl'resting feature of both the theorl'lical 
and experimental half-spacl' curves is that results 
for the If, and 1~1• compont·nts are identical, hut 
the peaks and troughs of tlw Jl" component arc 
shifted~ A away from the transmitter (sec Figure 
II). This relation between the interference pat
terns in II,, R.p, and 111, provides a basis on which 
to detect departures of thr Jields from the half
space response which could he due to subsurface 
rl'lkctions or sratll'ring from surface or subsur
face irregularities. 

Therefore, in a half-spare·, RFl can easily be 
used to determine· lhl' dickrtric constant of the 
upper layer if II'<' know thl' positions of the peaks 
and troughs. Theorl'tical results indicate that the 
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FJG. 9. Theoretical half-space curves for a dit•lcctric constant of .~.2 and various loss tangent!\. Peaks and nulls, 
arc less distinct for higher loss tangents, hut their positions do not change. 

lo~s of the layl'r does not change till' position of 
the peaks, but as the loss decreasl's, both tlw 
sharpness of the nulls and the number of oh-
5crvable peaks increases. By measuring several 
components it may he possible to determine if the 
measurements have been affcct!'d by random scat
tering. 

Two-layrr earth: Pr~(rct rr.flrrtor 

Calculations for the two-layer model arc more 

compl!'x. Exact theorl't ical solutions have not been 
obtained, but after performing the mathematical 
manipulations discussed in Part I, approximate 
numerical 11olutions have been compiled and 
plotted. Typical suites of curv!'s arc shown in 
Figur!' 12 to illustrate the effect of changes in 
dielectric constant, thicknl·ss, and loss langenl, 
of the first layer. Although the effects of these 
paranwters arc not fully separable, in gcm·ral, the 
frequency of the initial peaks and troughs is indi-
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FtG. 10. Several theoretical half-space curves and an 
experimental curve from the Gorncr Glacier at 10 Mh7. 
(H, component). The experimental curve has peaks and 
trnu!(hs that correspond to tht• theoretical curve for a 
dielt•ctric constant of 3.2. 

catiVl' of the diekctrir constant; tlw position of 
tlw main l'llt'r~y wak is dderminecl by the thick
ness and the dielectric constant; and the sharp
m·ss of the pattern changes with the loss tangent. 
J..'or this example, the dcpt•mlencc on loss tangent 
is particularly noticeable for loss tangents in the 
range .01 to .05. 

A suite of analog scale-model patterns and the 
corresponding theoretical curves are shown in 
Figure 13. The dielectric oil had a measured di
electric constant of 2.1(, and a loss tangent o£ 
0.0022. In general, for thicknesses greater than 2 
or 3 wavelengths the agreement in both position 
and amplitude of the peaks and nulls is good. For 
thinner layers the agreement is poorer, probably 
because the theoretical solu lions become less ac-

curatt• \:il'l' Part I). llitTt·n·nrt's h!'l ll't·cn \'X)llTi
mental and tht•Prl'lirnl n·~ult~ in till' llt'Hl' lil'ld 
may al~n lw tllllsl'd hy the t IH•on•t ira I approx i 111:1 

t ions. They might also l)l' nLused hy 'fHiriotls 
rdkctions in the expt•rinwntal tank from wires 
connecting the tran~mitting antenna to it~ source. 
The other major discrepancy bet ween the two 
solutions is at the critical angle where the ap
proximations made in the theory are most signifi
cant. However, the good agreement between the
oretical and scale-model results has given us con
fidence in both. 

The results from the Athabasca Clacier are 
complicated by the fact that the thickm·ss of the 
glacitT increases along the• travl'r~e with a slope 
of approximatl'ly I: 10. Since lht• general theory 
for this geonwtry is t•xtrenwly dillicult, and has 
not been workl'd out in ddail, \\'('used theordical 
curves for several t h irk nesses near t lw mean t ra
vcrst• thickness for comparison. Such a compari
son is not allogdher accurate, since the effecls of 
a thichning layer depend on both the thickness 
and the rate of changt• of thickness. 

Comparisons were made hetwet·n data mea
sured on the Athabasca (~lacier and many suites 
of theoretical curves. It was found that the family 
of theoretical curves for the known parameters 
of the glacier, when compared with the experi
mental data as a whole, fitted better than any 
other set, although there was some ambiguity. 
Several examples arc shown in Figure 14. The 
experimental data were run through a simple 
I, I, 1 running average filter before plotting. This 
filtering enhanced the main features of the curves 
by reducing small random variations. The agree
ment between theordical and experimental data 
is far from fH'rfecl. llowever, if it is n·cognized 
that because the thicknt•ss of the ice is increasing 
along the traverse, some nwveout of the measured 
peaks is to be cxpectl'd, and a consistent picture 
emerges. 

Figure 14 shows data obtained at 2, 4, X, and 
24 Mhz on the Athabasca (;.lacier, along with 
three theoretical curves with depths bracketing 
those along the traverse. As the frequency in
creases, the thickness of the icc, measured in 
wavelengths, also increases, so that quite diiTerent 
curves arc found for each frequency. At 2 M hz 
the curves arc smooth and regular and the agree
ment between theory and experiment is quite 
good. At 4 Mhz the patterns arc more complex, 
and although these arc similar features, the the-
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l•'m, 11. Theoretical hnlf"space curves and results from the Gorncr Glacier. Source is a horimntal electric dipole 
at 10 Mht.. Theoretical curves are for dielectric constant of 3.2 and a loss tangent of 0.03. l'cttks ttnd troughs for the 
Hp component are shifted away from the transmitter one-half wavelength. 

oretical curves rlo not correspond exactly to the 
experimental. At 8 Mhz the curves are complex, 
hut the agreement i~ bettc•r, especially the large 
peak at about 7 wavelengths rli~tance. At 24 Mhz 
there arc many peaks and troughs in both curves. 
We feel the lack of correlation between theory 
and experiment is largely due to many randomly 
scattered rdkctions in till' l'Xpt'rinwntal curve. 
At 24 Mhz the wavelength of LU 111 is the same 
sizu as many crevasses nnd surface roughnt·ss 
fentures. 

In ~ummary, ns the thicknes~ of the dielectric 
layer increa~P~, t!H• intcrfrrcnet• palterns change 
from curves with a few well-defined peaks to 
curves with high spatial fn·quencies and no large 
peaks. These feature~ are sl'cn in both theordical 
and experimental results. The fact that both liP 
and II, components are basically similar, although 
they diffn in their fine structure, increases our 
confidt•nce in the match bet we<"n theory and ex
periment. 

INTERPRETATION 

/Jicl('(:/ric (onstant 
'• 

This parameter is easy to obtain directly from 
the data, since, as shown above, the direct air 
and sub,surface waves interact ncar the source 
to give a pattern dependent only on this pa
rameter. If the air wave has a wavenumber ko, 

21T' 
ko = -, 

Ao 
(8) 

where /-0 is the free-space wavelength; and if the 
subsurface wave has wavenumber k1, 

then the beat frequency wavenumber k is 

27r .. 
flk=kt-l<n= (yEI-1). (10) 

Au 

The spatial interference wavell'ngth >.,,is then 

)1, = 
:ll~ 

(11) 

Thcrpfore, 

(
A )2 

Et = ->..: + 1 ( 12) 

and can be obtained directly from the data. For 
ice, )1,,'"'"' 1.27Ao. 

J.oss ta ngcnt 

The loss tangent can he estimated in a qualita
tive way from the sharpness of the patterns in the 
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Fig. 12h. Theoretical interference curves for llz component over a two-layer earth. Dependence on thickness is 
~hown. Depth= varying, I ,'('1 = 0.0200. K 1 = .HXXl. 

5-13 



594 

a: 
a: 
1.1.1 z ... 
= 
Cl 
1.1.1 
a: 
1.1.1 ,_ 
a: 
..J 
I 

:J: 

..J 
a: 
u ... ..... 
a: 
1.1.1 
> 

0 

Ronlter et al 

LTI• 0.0010 

..J 

LTI• 0,0030 

..J 

LTI• 0,0100 

..J 

LTI• 0.0300..J 

6 9 12 . 15 
DISTANCE IN WAVELENGTHS 18 

Ftc. 12c. Theoretical interference curves for II, component over a two-layer earth. Dependence on loss 
tangent is shown. Depth =4.000X, LTl =varying, K I =3.000. 

5-14 



Cl 
LU 
a: 
LU 
~ 
a:: 
..J 
I 

:t: 
..J 
a:: 
u -.... a: 
LU 
> 

0 

Radio Interferometry: Part II 

6 9 12 15 
DISTANCE IN WAVELENGTHS 

595 

Lfl• 0.0100 

.J 

LTI• 0.0200 .J 

~LTI• 0.0300.J 

18 

FIG. 12d. Theoretical interference curves for II, component over a two-layer earth. I>cp<'ndcnc!' on loss tangent 
is shown. Dcpth=4.000 ;>., LTl =varyinp;, K 1 =.l.OOO. 

5-15 



596 

0 

' \ 

3 6 

DISTANCE 

Rossiter et a I 

,' .... __ -
" ..... 

DEPTH 

' \ I 

\.'4A. ,- ... , ' 
I ' 

I \ 

5A. 

\ 
\ 

..... 

.; ...... __ .- .... , ,. ... , 
' , ' ' ,;' ' 

9 12 15 

IN WAVELENGTHS 

.. .-. \ I 

18 

I I 
I I 

•• rl 

21 

FJG. 13. Analog scale-model curves (solifl line, He) and corresponding 1 heorelical curves (dasht'd line, II:. K = 2.16, 
tan 8= .0022) for various thicknesses of the upper layer. H~ and//, are idt•ntical in this configuration. Dicl<'clric 
constant (K) and loss tangent (tan li) were measured independently. 

5-16 



Radio Interferometry: Part II 597 

,. ,, 
q 

I 

~~ 
\ :· .... 

·.:\. : \ \ \ ! l · . DEPTH IN METERS (WAVELENGTHS I 
:: \ \, : \ :~,,, .... ,.. ..... ,, 
: .... \ ~ ......... 1~0 (1.00) 

:, \ 
: \ 
I I \ \ , ...... 
: .. • ......... 160!1.071 

i.··\ 
•• •• ._.,--- ........... 170(1.13) 

4~0 
(3) 

.~ 
I I 
I I 

I 

,t I\ 
i ( I "\ 

iP ' .\ t' ' .; \! \ 

1350 
(9) 

(a) 

O£PTH IN 
METERS 
I \WE LENGTHS I 

1!\ \,. /\ \ ... ··"'···· ............ ,. 
! ,, \ r, ............................. :~~~ 

). ('''.. .. \,., 
i ! \ \i \ ....... 
\ ,...: \ .... \ "' • ........................ ~4) 

~. '" \ ...... 
'\/ • ............ -,_ .... ___ 170 

1228) 

(4) 

(b) 

1~0 
(41 

50 
(4) 

300 
181 

·100 
181 

450 
112) 

(c) 

150 
(12) 

(cl) 

200 
(16) 

OCPTH IN 
METERS 
!WAVELENGTHS) 

750 
1201 

250 

FJG. 14. Thl'oreticul curves and Athalmsca (;lacier m;ults at (al 2, (h) 4, (c) H. and (d) 24 Mhz. (a) da~hcd/ 
dotted line, theoretical I!., K =3.2, Inn 5=0.08; solid line, <'xp<.>rimcntal Athahasca (}lacier, 1!,, 2 Mhz. (h) dasht~d/ 
dolled line, theoretical lip, K=3.2, tan 8=e0.04; solid line, experimental Athabasca Glacier, /lp, 4 Mh1 .. (c) 
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near field. In the near field the two direct waves 
add to form peaks and suht racl Lo form nulls. If 
the waves arc about the same sir.e, the peaks and 
nulls will be sharp, but if one wave is much larger 
than the other, there will he little interference. 

As the amplitude of the subsurfan~ wave de
creases below the amplitude of the air wave, the 

pattern becomes less sharp. An envelope formed 
by joining the peaks and by joining the nulls of 
the interference pattern becomes thinner at a 
rate determined by the loss tangent of the me
<lium. 

In the Corner Glacier data, the loss tangent 
was estimated to be less than 0. 7 jf (Mh7:), well 
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within the puhlbhcd value for in·. In !lw Atha
basca data, reflections appear to disturb the two 
direct wave~ too greatly to be ahle to usc this 
simplified approach. 

Depth 

An estimate of the dit·kctric constant and the 
critical distance from the field data can be used to 
e~timatl' the depth. However, an assumption 
about the dip of the rdler.tor must be made. The 
method fail~ if ci!lwr tlw dielectric constant or the 
critk:d dbttt11ce cannot he Pstimuted accurately. 

Sr:atirri11g 

Orw of tlw lllttjor unkrwwnK in tlw application 
of tlw RFI t1•chniqul' i~ the cllcct of irregularities 
in tlw medium. It b reasonahlto tQ bclicv<•that the 
effects of irr1·gular surfaces, inhomogeiH'ities 
within the didcctric, and objects ncar the an
tennas could all perturb the nwlu;ured data. One 
possible way to remove small random effects is to 
appropriately filter tin• data, and a simple run
ning-average filter was used to enhance the pert i
ncnt features of the Athabasca Glacier data. 

An estimate of scattering is important to under
stand geologic structure. During the 1\thahasca 
trials the l!q, component, which should theoreti
cally be null for plane hori;.:onlal layers, was ob
served to he significant (though weaker than the 
other components). Then·fon·, II q, provided a 
lncasurt•mt·nt of tlH' seal 1<-ring, ll'hirh wa~ consid
crnhk at tlw hi~o:hcr fn·qucnci<os. The similarity nf 
all t hi' cnmponcn t:.; mt•nsured on thl' (lor ncr (; Ia
cier on the otlwr hand implied that scattering 11·as 

not si~nificnnt up to I 0 M h~:. 

CONCI.ttSIONS 

1. The RFl techniqUI' is a pmctical mt'lhod 
with which to study layering in low-loss dirkctrirs 
(tan8<0.1). 

2. Three parameters of the upper layer can IH' 
estimated from the data: the dielectric constant, 
the loss tangent, and an estimate of the thickness 
to a reflector. Measurements of E=3.2 and 
;·tan 8=0.7 (fin Mh;.:) for icc arc in agreement 
with known results. 

3. The method is an inexpensive way to sound 
icc sheets less than a few hundred meters thick, 
and could be ust~d to study low-loss layers on the 
moon. 

4. Further work is required to reline and quan
tify the interpretational procedure, to extend it to 

more compll-x gn>nH'Iric~. and tn lllHI<'n•land 
bctll'r the t'tll•rt~ of random scatkrl'rs. 
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Intprference pattems for em fields due to a subsurface reflector below a layered lossy 
dielectric are calculated with the geometrical optics approximation for use in interpreting data 
to be rollected on the moon by Apollo 17 as well 11s data currently being obtained on ter
restrial glaciers. The radiating antenna lies on the surface. All six field components are cal
culated and studied. For the endfire solutions the peak of the first reflected wave is found 
to be different from that of the broadside ones. To facilitate a physical discussion, we plotted 
the radiation patterns due to the antenna on the surface. We find that, although the maximum 
broadside power goes into the first medium at the critical angle, the maximum endfire power 
enters the first medium at the angle sin-1 [2n"/(1 + n•)]11

", where 1/n is the index of re
fraction of the first medium. 

Tho surface electrical properties experiment. 
will be used on Apollo 17 to detect subsurface 
layering and to measure both dielectric constant 
and loss tangent of the lunar subsurface [Sim
mons et al., 1972]. In this lunar experiment 
a horizontal electric dipol<> that transmits at 
discrete radio frequeneies is laid on the lunnr 
surface, and the electromagnetic field ampli
tud('!J are measurt'd continuously, as n function 
of distance, with a receiver and tnpe rerordr.r 
mounted on the astronaut's lunnr roving vP
hicle. Ideally they will travel along the diree
tion of the antennn and also perpendicular to 
the direction of the antenna. In actual practice 
a pair of crossed orthogonal dipoles radiate 
sequentially at frequencies of 1, 2.1, 4, 8.1, 16, 
and 32.1 MHz. The time window during which 
energy at any given frequency is radiated from 
either of the antennas is sufficiently long (sev
eral thousand cycles minimum), so that the 
experiment is essentially that of continuous 
wave interferometry experiment. The presence 
of various waves produces an interference pat
tern. The peaks and troughs of the pattern 
contain information about the subsurface prop-

Copyright @ 1973 by the American Geophysical Union. 

erties of the moon. To interpret such data, we 
present here the results of theoretical studies. 
Additional details of the lunar experiment are 
given by Simmons et ol. [1972] and Rossiter 
et al. f1972]. Applications of the trchnique to 
the study of terrestrial glaciers arc described 
by Stranoway et ol. [19721. 

W<> take as our modrl stratified media. An
tenna radiation in the prr~encc of ~tratified 

media has been studiPd for many decades 
f Baiios, 196o; Brckhovskikh, 1960; Sommer
feld, 1949]. Some throretical investigations 
specifically related to this r.xperiment have been 
unc!Prtaken already. Annan [1970] applied the 
Haddle point method and used the geometrical 
optics approximation to solve for the vertical 
component of the magnetic field on the surface 
of a half-space dielectric and also a two-layer 
medium. Kong [1972] abandoned the conven
tional use of potential functions and obtained 
closed-form expressions for the reflection coeffi
cients that embody all information about the 
stratified medium. The symmetry of the reflec
tion corfficients makes the evaluation of the 
integrals comparatively easy. In this paper we 
employ his formulation to determine all six field 
components. Specifically, the problem considered 

32117 
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here is that of a two-layer medium. We de
scribe in some detail the steepest descent path 
based on the saddle point method. 

SoLUTIONS IN INTEGRAL REPRESENTATION 

Consider an electric dipole transmitting an
tenna. lying on the surface of a stratified me
dium. We use cylindrical coordinates (p, cp, z) 
with the z axis perpendicular to the boundaries 
of stratification. Tht> dipole points in the direc
tion of cp = 0. The total elec.tromagnetic fields 
are decomposed into TM and TE components. 
Above the stratified medium the solutions are 
[Kong, 1972] 

R"M = _1_ [t'
So1 

where 

1/Sot- Sot J 
1/ Sot + Su exp (i2k 1,d) 

(4) 

(5) 

S 
Efkl, - E;kj, 

li = 
Ejk;, + E;kj, 

(6) 

where e1 and p.1 are the permittivity and the 
permeability of the ith medium, re!lpectively, 
and k1, denotes the z component of the wave 
vector k 1 in region i. 

(la) 

k/(1 - R™)e'k·• H / 1
> (kpp) cos cp 

- (1/ p)(l - R™)e'k·• If / 0 (kPp) sin cp 

H™ = J"' dkp(B) -kp(l - R™)e1k''ll 1<
1>'(kpp) cos cp 

_., 811" 
(1 b) 

0 

-(1/k,p)(1 + R"8 )e1k''ll 1 <n(fcpp) cos cp 

E"8 = J"' dk"(llwp.) (kp/k,)(l + R"8 )cu,, !l/ 1>'(kpp) ~<in cp 
_., 811' 

(2a) 

0 

ikp(l + R"8 )e1k''ll 1<
1>'(kpp) Hin cp 

Hu = I: dk,( i :~) ( i/ p) (1 + R"8 )eik•• ll 1 < 
0 (kpp) C• $ cp 

(k//k,)(l + RT
8 )e1k''J1,< 0 (kpp) sincp 

(2b) 

where k, and k, are, respectively, the p component 
and the z component of the wave vector k, 
H 1 <t> is the first-order Hankel function of firRt 
kind, w is the angular frequency, ll is the source 
strength, p. is the permeability, and E is the 
permittivity. Both the permeability and the 
permittivity can be complex. In (J ), R™ is the 
reflection coefficient for TM waves, and in (2), 
RTB is the reflection coefficient for TE waves. 
For the two-layer case with the interface located 
at z = -d, the reflection coefficients, calculated 
from (31) and (32) of Kong [1972], are 

R7'B = _1 [1-
Rot 

1/Rot -Rot J 
1/Rot + R12 exp (i2kt,d) 

(3) 

Because 1 - R~M and 1 + R~e appear in 
the integrands of ( 1) and (2), we write 

1 + RTE = 1 + R 12 exp (i2k 11 d) X (7) 
1 + RotRtz exp (i2kt.d) 01 

1 _ R™ = 1 - 812 exp (i2k .. d) y (8) 
1 + SotStz exp (i2kt.d) 10 

where 

Y;; = 1 + S;; 

2p,jk;, 

JJ;k;, + JJ.;k;. 
(9) 

(10) 

At this point we have obtained mathemati-
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cally tlw solution to our problem. However, in 
ordrr to apply the ~olntiou to a model with 
numeri('al values n~sip;ned to the vnrious phy8i
cnl properti!'s, we lll\IRt evnhmte the various 
cxprf'ssions. In the nt'xt section we study the 
nRj'tnptotin solution~ of tht> tlbove integrals by 
using tho :mddle point mf'thod under the geo
tnl'tricnl optics approximations. And then in the 
following seetion we ilhtstrnte the solutions with 
plots of the interf11rence patterns for a set of 
possible vnlues of physi~nl properties of the 
moon. 

AsYMPTOTIC EvALUATION OF INTEGRALS 

In the geometrical optics approximation the 
interference pattern is determined by three 
waves: (1) the direct wave from the antenna, 
(2) the lateral wave excited by the antenna 
along the surface, and (3) the wave reflected 
in the subsurface following ray optics paths 
(Figure 1). We first expand the denominators 
in (7) and (8) in power series: 

1 + RrB = Xot[l + t XtoRto"'-'Ru'" 
m~t 

.. 
E Yo,Sto"'- 1Su"' 

'»l-t!il 

· exp (i2k 1,md) J (12) 

/ 

1st IMAGE-
d// 

// 

/ 
/ 

2d / 
/ 

/ 
/ 

2nd IMAGE......._ / 

The convergence of the series is assured be
C'anse nlong the original path of integration the 
denominators of (7) and (8) are 1 + A, where 
A is a compl~>x number with magnitude less 
than 1 for all k~. 

The first term in the power series expansion 
gives rise to the half-space solution, which con
sists of the first two kinds of waves. Mathe
matically, the direct wave corresponds to the 
saddle point contribution, and the lateral wave 
eorresponds to the branch point contribution 
due to k,. The summation term gives rise to 
all reflections from the subsurface. At each 
observation point the number of reflections from 
the bottom layer ran be determined by exercis
ing ray optics. Each optical path can be traced 
back to an image source. 

Now we consider the solution to the half
space problem. The contribution due to a 
saddle point at (} for a typical integral takes 
the following form: 

I. = i: F(kp) ~ eik,a H0<
0 (kpp) dkP (13) 

I, = (2/i)(eu'/r)[F(O) + (1/i2kr)(P"(8) 

/ 

+ F'(8) cot 8)] (14) 

where we have used t.hc transformations k. = 
lc sin (} and k, = k cos 8. Here 0 and r are 
rtferred to the spherical coordinate system with 
the origin at the antenna; 8 is thr, angle be
tween the radius vector and z axis and corre
sponds to the observation angle. Note that near· 

/ 
/ 

JJ.t .~t / 

Fig. 1. Geometrical configuration of the problem. The three waves under geometrical 
approximation are also illustrated. 
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thr ~llrf:H'tl 0 ~ n"/2. All fil'ld romp<mNltH nrl' 
rnlt•tllnh'd up to ~<'rond ord('r in r·1 arrordinp; 
to (1) nnd (2) by Ul!iug (14). Tho re11ultl'! nrc 
listrd in Appendix 1. For(} = Tr/2 the dominant 
terms nre 1tll of tlw order r-•. 

Nenr the surfnre th(' N:mtribution due to the 
branch point ttt. /r., is nlso of ordrr r-• and can
not bt' neglected. The int!'grnt.ion around the 
br!H1ch point gives rise to the lateral wave. 
Assume n general form for F(kp) in (13) to be 

m, n, p ~ 0 

The branch point contribution Ib of the integral 
is 

k m+l ·n-2 

Ib = -i2b -Lr ..!:a:::;; 
P a 

6
-al+t'ktP 

. (1 + i seo o. cot W72 

u 

L 

8 
~ 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

(16) 
p = 0 

B" 
aM -" 

L 

e-ru+thp 
. ._,--.--- T 
( 1 + i sec 0. cot 0) 3 2 (17) 

p = 1 

whrre a = (k/ - k')'1'. For p > 1 the contri
bution is of order higher than r-• and is safely 
neglected. 

As was stated in the beginning, only the 
waves that follow geometrical optics paths are 
considered. The solutions are of the order of 
1/r. The integrals to be evaluated are 

I a = t j" dkp J:..e.. II o (I) (kpp)e' 2
kumd D(kp) 

m•l _,. k1a 

k~~ X X R m-t ik''R "' · k o1 to 10 e 12 
p 

(18) 

The integral is now in the form of (13), where 
2md plays the same role as z before. We again 
apply (14) to (18), and the solution is 

81 

L L 

---... B' 
X 8 I 

p2 \ 

I 
u u I 

B2 821 
I 

Fig. 2. The complex plane illustrating singularities and contours for the case of conducting 
subsurface. 
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.., [2 ik,R,. 

I~ = :E -: ~- D(k.) 
... ~t ' 1? .. 

k~o X v R .. -tR .. ik·•J 'k OIAIO 10 12 e 
p 

k. = kt sin a., 

where R,.. = (pi + (2md) 1]"2 and a., = 
tan-t (p/2md). These results hold for ktd » 1 
and d » z. All field components are evaluated to 
the order of 1/r in Appendix 1. 

When the observation angle of the m.th image 
source a .. = tan -t (p/2md) exceeds the critical 
angle, brnnch cut contributions need to be in
rluded. The brnnch cut ls evaluated by deform
ing to a steepest path through the branch 
point. In geometrical optic•s approximation con
tributions due to the branch points are usually 
neglected. In deforming the branch cuts to the 
steepest descent path through the branch point 
and before deriding that the fiMl contribution 
due to the latter is negligible, we must show 
thttt the deformation is valid. If the deforma
tion is invalid, two alternative npproachE's can 
be taken. One alternative is to choose another 
path, and the other is to choose a different 
branch cut. When a .. is used in the integrals 
or, rather, in·the coefficients before the exponen
tial in the integrnls, we must remember that in 
those coefficients two tl'rms (k, and k,,) are 
double valued, and the proper one of those two 
values must be taken. 

Two-LAYER INTERFERENCE PATTERN 

We now (•on~ider the interference patterns. 
Our formulation includcs different medium con
stituents for all layers. We shall illustrate here 
two cases in which the first layer is slightly 
conductive and the second layer is ( 1) a good 
conductor and (2) a good dielectric. Other cases 
can be treated in a similar way. Details of the 
complex plane are shown in Figures 2 and 3. 
Plots of numerical results for all six field com
ponents are shown in Figures 4-6. In these 
figures the H components have been normalized 
by the relation 

H = (Jl/47rA2)l/norm 

whereas theE components have been normalized 
by the relation 

E = i(Ilwp./47rA)Enorm 

I 
I 
I 
I 

u 

+------r-==-~~~-,-----4 

L 

Fig. 3. The complex plnnc illustrating singular
ities and contours for lhc cnsc of a dicleetric 
subsurface. 

Case 1: Second layer is good conductor. Various 
singularities and contours are Rhown in Figure 2. 
The task is to determine reflections from the 
bottom layer, which combines with the well
known half-space solution to form the inter
ference pattern. We note the following points. 
(1) The transformation kP = k1 sin 6 is used. On 
the branch cuts the imap;inary parts of k, and 
k1, are equal to zero. They are shown as B 1 and 
B2 in the diagram. NotlCe that B, the branch 
eut of kt., has been stretched. (2) Here C is the 
original path of integration k/' = 0; r is the 
steepest descent path passing through the saddle 
point am. Here BSI is the steepest descent path 
passing through the branch point 61 = sin-1 (k/kt) 
corresponding to that of k,; BSz is the steepest 
descent passing through the branch point 18z = 
sin-1(kz/k,) corresponding to that of kz,, (3) On 
the diagram the regions marked U are those 
regions in which Im k1, > 0, and those marked L 
are the regions for Im k1, < 0. (4) In the U 
regions the integrand elkp+Zik• '"'d vanishes at 
infinity. Any deformation that requires the path 
at infinity to be in the U regions is valid. There
fore the path B1 can be detoured to BS1, and Bz 
to BSz. (5) The contributions due to BS1 and 
BSz are smaller than that d\le to r and are 
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100 

r''o.!io 

~ 1.00 
N 

J ... 
~ :r: 
a:: 0.50 

~ 

1.50. 

1.00 

0.50 . 

4~ 1 E1 • 3.3 L T •0.005 

E2 •500 j 

El'" 3.3 L T=0.005 

E2 •500j 

e.o 12.0 16.0 20.0 

neglected in the geometrical optics approxima
tion. (6) For a,. < 8/, a,. occurs on the lower 
sheet of k, but for a,. > 8/, a., occurs on the 
upper sheet of k.. Therefore, when passing 
through the saddle point, the double-valued 
functions k, and ka. are chosen in the following 
way. For a., < 81', Im k, < 0 and lm ks, > 0, 
and for a., > 8/, Im k, > 0 and Im ks, > 0. 
(7) In evaluating 81 = sin-1 (k/k1) = 8,' + i8/' 
and 8, = sin-1 (ks/k,) = 8l + i8l', both 0/1 

and 8a11 are negative. If the media are non
magnetic, these two Sommerfeld poles occur at 

sin 8p, = k/W + k 1
2

)
112 

sin 8v, = k2/(k 1
2 + k2

2
)

112 

Point P2 is marked on the diagram. Its effect can 
be neglected if a,. is not near 1rj2. A sufficient 
condition is that d ~ 2.5>-. In the practical 
situation, p :$ 20>-, and so a,. :$ 77". (9) The 
effect of the pole P, can be neglected. When 
a,. :$ 81', a,. lies on the lower sheet, whereas 8p, 
lies on· the upper sheet. When a,. > 8/, the 

02<0 ~ 
0 w 0.160 
N 
::. 
<( ~ 
::;:w 
a:: 

:::t 0 z 

0.160 

N 

w o.oeo 

0.000 
0.0 4.0 

4Xr~~~3.3-~ LT=0.005 

·2=500j 

4;1_;, = -:3.3· ~ T = 0 005 
•2= 5001 

analysis is slightly more complicated. When we 
detour the original path C to the saddle point 
path r, we need to llOnsider two other contribU· 
tions, one being du· to the branch cut B, and 
the other being tlY; residue of the pole P,. In 
evaluating B, we detour it to BS,, and, on the 
detour, P, is again passed, and its contribution 
is exactly the negative of the previous residue. 
The net effebt is that we only have the contribu
tion due to BS, left, and it is neglected in the 
geometrical optics approximation. 

Case 2: Subsurface is good dielectric. The 
various singularities and contours are shown 
in Figure 3. We note the following. (1) This 
case contrasts with the previous one in that (), 
is at a different location. (2) The branch cut 
lm k,. = 0 cannot be detoured to BS, be
cause the detour involves passing through the L 
regions at infinity. We thus choose another 
branch cut such that Re k,. = 0 (B.). The 
upper sheet that we choose is such that Im k. 
> 0 and Re k,. > 0. (3) Now B. can be de-
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r'''-

Cl w 
N 
:J 
<t .. 
::11 J: 
a:: 
0 
z 

1.00 

0.50 

1.00 

0.50 

0.00 

1.00 

0.50 

•nb• !.~ .. LT•O.OO!S 

·~·80 

4~h~3.3 LT=0.005 

'2•80 

LT•0.005 

0·00 o.o 4.0 8.0 
DISTANCE IN FREE 

0.160 

4~'_1~3_.,3.~L T .. 0.005 
•,•80 

w ... 
0.080 -

0.240 
4¥3--LT=O.oos 

'2=80 
Cl w 
N 
:::i 
<t .. 
;!!W 

0.160 -

~ 0.080 

0.240 

0.160 

0.080 

4~ Jr1 =3.3 LT =0.005 

·2=80 

o.ooo .__ _ __._ __ _._ __ .__ _ __.__.=<....1 
0.0 4.0 8.0 12.0 16.0 20.0 

DISTANCE IN FREE SPACE WAVELENGTHS 

Fig. 5. Interference pattern for .,_ = 3.3, LT = 0.005, ..., = 80. 

toured to BS., and BS. is neglected in the geo
metrical optics approximation. The pole P. is a 
virtual pole in the upper sheet. The pole P, is 
treated in the same way as in the conductive 
case. ( 4) Finally, the choice of the double
valued functions is as follows. For a., < fN, 
Im k, < 0 and Re k., > 0, for a.. > (),', 
Im k. > 0 and Re k .. > 0. 

The two-layer interference patterns obtained 
with the above prescriptions are plotted in 
Figure 4 for the conducting case and in Figure 5 
for the dielectric case. For the first layer we 
choose l = 3.3(" and loss tangents 0.005. These 
values are possible for the moon [Simmom 
et al., 1972]. They are also typical of terrestrial 
glaciers [Strangway et al., 1972]. The inter
face between the two layers is taken to be four 
free-space wavelengths bdow the surface. 

DISCUSSION 

The interference patterns may be best under
stood by separating the contributions of the 
various waves. Thus we depict in Figures 7-8 

two typical field components H, and E. sepa
rated into the half-space solutions and the waves 
reflected from the first boundary. We note that 
H., H., and E. are the field components mea
sured broadside (i.e., ¢ = 71'/2), whereas E., 
E., and H. are those measured endfire (i.e., 
¢ = 0). The maximums of the first reflected 
waves for H, and E. occur at different locations. 

To explain this difference, we consider the 
radiation pattern due to the dipole lying on the 
lunar surface. Under the geometrical optics ap
proximation the maximum of the wave reflected 
from the subsurface corresponds to the angle of 
the Poynting power that is radiated into the 
first layer. The power radiation pattern of the 
horizontal electrical dipole at the interface is 
shown in Figures 9-10, both broadside and end
fire [LaTorraca, 1972]. For¢ = 71'/2 the maxi
mum power occurs at the critical angle sin·' 
(k/k,), and k, is assumed to be real. But, for 
¢ = 0, we find that the maximum occurs at an 
angle sin-' [2n1/(1 + n1

)]'
1
•, where n = kjk,. 

We note the following. (1) If k, contains an 
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4~b • 3~3 LT •0.005 
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DISTANCE IN FREE SPACE WAVELENGTHS 

0.160 
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0.080 

0.240 

~ 0.160 

i 1/J ... 
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,..2•1.1 ''2•500 J 
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,..2=1.1, •2=500j 
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DISTANCE IN FREE SPACE WAVELENGTHS 

Fig. 6, Interference pattern for.,_ = 3.3, LT = 0.005, p... = 1.1, flll = 500 i. 

imaginary part, however small, the radiation is 
null in the lower half space because, by defini
tion, the radiation pattern is measured at in
finite distances, and the Im k, gives rise to an 
exponential attenuation with distance, and the 
power vanishes at infinity. (2) At the interface 
of free space and a dielectric medium with 
permittivity 3(o•, the amount of power that 
radiates into the free space is calculated to be 
approximately 12% of the total power radiated 
by the antenna. (3) In the direction of maxi
mum power not all field components have to be 
maximum. (4) Figure 10 shows that the null of 
the endfire radiation pattern occurs precisely 
at the critical angle. (5) A change of permea
bility from P.o to p. > p.o merely changes the 
magnitude of k,. If p. becomes complex, the 
positions of the various singularities change, 
and the integrals must be reevaluated on the 
new complex plane. (6) A small loss tangent 
has small effect on the position of peaks and 

troughs but changes the amplitudes of the field 
components drastically. (7) The results ob
tained by choosi11g a different branch cut with 
Re k. = 0 agree with those due to the branch 
cut Im k, = 0. This is shown in Appendix 3. 

The validity of our calculations can also be 
verified by carrying out exact solutions of the 
integrals. Tsang fl971] obtained such solutions 
by numerical integration with a computer. The 
comput.ation is extremely time consuming, and 
we show a single comparison. In Figure 11 the 
exact solution may be compared with the 
asymptotic solution under the geometrical optics 
approximation. The calculation is done at a 
receiver elevation 6 meters above the surface 
in order to ensure fast convergence. It can be 
seen that the geometrical approximation is not 
good near peaks in the interference curves. 
Mathematically, the peaks are those regions 
where the saddle point am approaches the 
branch point 0,. The saddle point method 
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crumbles. Using Watson's lemma (Appendix 2), the branrh point steepest descent path contri-
the criterion for the validity of the saddle point butions, have been neglected. These contribu-
method is found to be tions correspond physically to the reflections of 

k1R.,{sin 91 - sin a,.)1 » 
1 

n - 1 
This condition can be nehieved either by making 
k, more conductive so that. (}, has a bigger 
imaginary part. or by mnking R .. bigger. But 
both of these procedures will lead to a decay 
of the curves and thus dt•crease the interference 
effects; they are largely undesirable. 

One final point requires discussion. In tho 
goometrical optics approximation BS, and BS., 

the lateral waves from the bottom layer. Thus 
we have implicitly assumed that the energy 
arriving at the upper surface of layer 1 due to 
the reflected lateral waves is small. For a better 
approximation, these effects should be included. 

APPENDIX 1 

In the vicinity of the surface (i.e., z « d, p) 
the Hix electromagnetic field components are as 
follows. 

Il e
1
•' [ ( 1) 3 sin 9 J H, u • - 4"' 7 sin 8 ik - -;: X 01 (9) + 2r cos 9X01

1(9) + ~ X 01 "(9) sin q, 

Hz 

4>-h=3.3 LT=0.005 

·2=500 j 

o.oo L-L:::::...J......I~:::::t:::e~s;:9;~.....__.~..-....-=::J 
0 4.0 8.0 12.0 16.0 20.0 

DISTANCE IN FREE SPACE WAVELENGTHS 

Fig. 7. The reflected H. compared with the half-space solution, conducting case. 
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41;~Tl.T = 0.005 

•t500j 

HALF SPACE SOLUTION 

FIRST 
REFLECTED TERM 

/ 
SECOND 

REFLECTED TERM 

THIRD 
REFLECTED TERM 

4.0 8.0 12.0 16.0 
DISTANCE IN FREE SPACE WAVELENGTHS 

20.0 

Fig. 8. The reflected E. compared with the half-space solution, conducting case. 

H 'I'B
p -

Il 2k ~ -••+ik,p 
E._ , e . 

- - --r-2 ( . . )372 sm cf> 
411" p. 1 p a 1 + t sm 9. cot (J 

Il p. 2ik
1 

e-••+ik,p • 

- ---r . a72 sm cf> 
411" p.1 p a (1 + t sec 8. cot 8) 

Il ~ m-1 .. ik,o eik,R.. • 
- -

4 
. £.... [k,,Xo,X 1oRIO R12 e ]-R sm cf> kp = k1 sin a., 

11"1 m•l m 

E, 'I'M = - ..!..!:_ e'k• [(ik - !) sin 8Q(8) + 3 cos 8 Q'(8) + .!.. sin 8Q"(o)] cos cf> 
4~E r r ~ ~ 

Jl E 2ik12 e-ao+iktP + -- - -2- • s72 cos cf> 
411"wE e1 p a (1 + t sec 0. cot 8) 
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Fig. 9. Radiation pattern at of> = '11'/2. Fig. 10. Radiation pattern at tf> = 0. 
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Fig. 11. Comparison of the geometrical optics approximation with the exact solution for H •. 
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where P(O) = k cos () ~Yot(OL Q(O) = k cos 
OY,.(O), and Q,(O) = k' ro~· Ofu,(O). At 
z « p, the terms X.,, ( 0) nnd Q ( 8) are much 
smaller than their derivatives, Xo/(0), X.,"(8), 
Q'(O), and Q"(O). 

APPENDIX 2 

Watson's lemma states that for an intE'gral 

I 1 .. ""( ) -•'1~ d = .... xe x _.,. 
.. 

cl>(x) = :E A~ .. x~"' lxl < 'A 1/2 
... ~o 

Narnely, <l>(x) is analytic with rndius of con
vergence equal to /.}1'. Assume further that 

-.l!. 
2 

l<t>(.r) I < .·Lr2''e"'"2 

where A. > 0, p = 0, 1, 2, ... , nnd 0 ~ 'I < 
wherever xis rt•nlnnd x ~ ,\'1', nnmely, outside 
the domnin of convcrp;ence. Then 

- (!)1/2 {n-1 ~2..! I -
2 

:E 
2

,. 
1 

1t 2, 
m~o m. 

+ 0((1 - 17)'ArM} 

Thus the nsymptntir ('Xpnn~ion 

i~ usrful only if 17 « 1 nnd ,\ » 1. Our iniPJ~:ral 

Fig. 12. 'l'he choice of the branch cut Ue k, = 0 yields re;;ults identical to choosing the braneh 
cut lm k, = 0. Here I' is the saddle point steepest descent contour, and 1'2 is the braneh point 
steepest descent contour. [,, connects 80 nuda. r' st.nrts from 8" --> co to o = a. L 2 starts from 
8 = a to 811 -> - co. Thu~> L 1 = r 2 + I'', and I' = I'' + L2• 
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is of the fonn 

I,. = J 1<'(8) ·e'k.R • .<B-u .. > d8 

where m signifies the mth image source and for 
the mth source a,.. is the saddle point. In the 
coefficient F ( 8) there is a branch point singu
larity nt 8 = (}1' and sin 8 = n. We know 
intuitively that, when the saddle point a .. is 
close t.o the branch point 811 the saddle point 
method crumbles. To calculate the mathematical 
rxpres~ion for Uul eritClria, the integral I.. is 
turnt'd int.o n form to which Wnt8on's lemma is 
nJlpli\•abh'. 

Let 

0' = 8- a,.. 

Branch point is due to (n' - sin' 8) 11'. There
fore radius of convergence >..'11 is at x = x., 
which, under the transformation, corresponds to 
n• - sin~ 8 = 0. 

implies 

sin 8 = sin (8' +a.,) 

[sin2 81 = n2 

n
2 

- 2n( 1 - 2i~~~..) sin a,. 

( 
Xo

4 
Xo

2 
) • a + 1 - (2k 1 R.,.)~ - ik

1
R., sm a .. 

( 
Xo 

4 
Xo 

2 
) 2 

""' (2ktR,,l + ik,R.,. cos a .. 

For a .. dose to (},, this can be simplified to 

lxol 2 = k1R·.,.(n - sin a .. )2 /(n - 1) 

Therefore, by Watson's lemma, for the saddle 
point method to hold, we require that 

k1R.,(n - sin aS /(n - 1) » 1 

APPENDIX 3 

Discussion of branch cut. Suppose that the 
branch cut Re k, = 0 is chosen, and consider a 
typical integral 

I = i: t~ A(kp)e'k"d H0 (
1)(kpp) dkp 

where A(l.~p) = k .. /(k,. + !.·,). AftE'r the t.rnu~
formation k, = k, sin (J, we find the snddle 
point is located nt a = tnn-' (p/d). For a < 
8.' we have 

k _ (k2 k 2 1. 2 ) 1/2 
,- - 1 sna k1 cos a 

2 e'k·R { 1 
I = i R A(a) + 2ik

1
R 

· [A"(a) + cot a A'(a)]} 

where 

A(a) -----"k':-'-1: cos a 
== kt cos a + (kr-:::.-;;:2 sin~)iili 

Re k, > 0 

Therefore the answer checks with the <·n~e wit.h 
branch cut Im k, = 0. 

In case a > 80', there are two contributions, 
one due to the saddle point and the other to 
the branch point 8 •. The branch cut contribu
tion is, contrary to the case of Im k. = 0, of 
first-order effect. 

Set I = I, + I., where I, is the saddle point 
contribution and I. is the branch cut contribu
tion. Then 

2 e'k•R { 1 
I 1 = i R A(a) + 2iktR 

· (A"(a) + cot aA'(a)]} 

Re k. > 0 lm k, < 0 

Notice that the saddle point. (•ontribution i~ not 
the same as it would bt~ for the case lm k. = 0. 

f. sin112 8A(8) 
clown It-
UPB+ 

·e'k•R oo• (8-a) ( 1 + -. __ 1_. -) dO 
8tktP Sin 0 

( 2kt)
112 

-i.-/4 f . 1/2 8k 0 - e Slll 1 COS 
11'p upB-

2(k2
- k1

2 sin2 8) 112 

. k,2 cos2 8 - e + k/ sin2 8 

( 1 ) · 1 + . . dO 
8tktP Sin 8 
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wher!' B, is tht' sidr of bratwh cut with /m k, 
> 0 and B_ is thr l'ide of hrnnrh cut with 
lm k, < 0. 

To rvaluatr tlw intPgral, the path B_ is dc
tourrd to a path that consists of two parts. 
The first part. L, is from the braneh point to 
tlw saddle point, and thr ~rcond vart L. is from 
the saddle point. to infinity down the ;~tceprst 

dPsrent path (Figure 12). 

By Caurhy's throrrm 

L1 === r~ + r' 
Therrforr L, + [,, = 1', + 1' and the eontribu
tion 

2 lc c-'"•Hkp 
lr = -~ -ll ---~--------3/li 

' p a (I - cot o: tan 80 ) 

is of second-order effect. The contribution of 
r, evaluatt'd by thE' Rnddle point method, is 

2 eik,n { 1 
i R D(o:) + 2ilc,H 

· [D"(o:) + cot o:D'(a)]} 

where 

D(a) 

Rc k, > 0 lm k, < 0 

Combining these expressions, one has 

·{ G(o:) + 2i~,R [G"(o:) + G'(a) cot a]} 

2 k e-ial+ikp + -- - -------------
/ a2 (l - cot o: tan 80)

312 

whrrr G(a) = A(a) + D(tv), whieh is Pqual 
to A(a) of th<1 ensr of bran<'h cut lm k, = 0. 
Thrrrfore the answrrs arr identical wlwther 
we choosr thr branrl1 cut Re lc, = 0 or lm k. 
= 0. 
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Presented 23 Aug. 73 URSI/IEEE 
for the SEP team. 

Boulder, Colo. by Gene Simmons 

ELECTROMAGNETIC PROBING OF THE MOON 

INTRODUCTION 

Last December on the Moon, two astronauts set out equipment 
for a very simple EM experiment: a transmitter with a half-wave 
electric dipole antenna. They attached to the Rover a receiver with 
a loop antenna and a magnetic tape recorder. They then proceeded 
to measure field strength as a function of distance from the trans
mitter. From those data, we expected to learn something interes
ting about the electrical properties of the Moon. Today, I would 
like to tell you about this experiment--about the theoretical work 
that we have done so that we could interpret the interference 
patterns, about the results of field testing both the experiment and 
equipment on earth before the Apollo 17 mission, and finally, about 
our present interpretation of the lunar data. 

THE CONCEPT 

The experiment is extremely simple in concept. This FIRST 
SLIDE shows the essentials. A horizontal electric half-wave 
resonant dipole is laid directly on the surface and radiates con
tinuously. The amplitude of the radiation field is measured with 

slide 
1 

a small loop and a calibrated receiver. The data are recorded on 
magnetic tape. We analyze the data in terms of continuous radiation 
but actually use switched CW at the frequencies shown on the slide. 
NEXT SLIDE please. 

A very simple conceptual picture of the wave propagation is 
shown in this slide. One wave travels above the surface, a second 
wave travels below. In the vicinity of the interface, these two 
waves interfere and produce a distinctive inter''erence pattern. The 
characteristics of the pattern depend uniquely en the frequency and 
the electrical properties of the medium. A third wave may exist. If 
a reflector is present in the subsurface, then a reflected wave, 
labeled "C" in this slide, interferes with the other two waves and 

2 

complicates the pattern. The NEXT SLIDE shows two theoretical 3 
interference patterns for a layer over a half space. The usual 
features of such patterns are these: a rather rapidly decreasing 
function or distance with super1mposed peaks and troughs. The 
exact details of the peaks and troughs and the rate of decrease with 
distance depends on the properties of the materials, as well as the 
presence, number, and depths of reflecting horizons. 

These two curves illustrate nicely the effect of loss tangent 
of the material. The upper curve is for a loss tangent of 0.01, the 
lower curve for 0.05. Note that the vertical scale is in Db. So 
there really is quite a large difference between the pattern for 
different values of the loss tangent for a given geometry. The 
NEXT SLIDE shows additional features that are typical of such inter- 4 
ference patterns. Note on this slide that I have used linear scales. 
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The high-spatial-frequency wiggles in the early part of the pattern 
are related to the permittivity of the upper layer. In fact, from 
the spatial beat frequency, we can calculate the dielectric con
stant of the upper layer. The prominent peak at about five A is 
caused by the reflected wave. The later parts of the pattern are not 
simple functions of the dielectric constant and depth to reflectors:
However, they are very sensitive to small variations in depths and 
properties. For simple geometries, the origin of the peaks and 
troughs can be readily identified. So let's look briefly at the 
theoretical basis of the experiment. 

THEORY 

The calculation of the field produced by a dipole on the 
interface between semi-infinite media of differing properties is 
truly a classic problem in electromagnetic theory. Many in the 
audience have contributed significantly to the development of the 
present day solutions. I am sure that most of you have examined the 
solutions in various farms. If not recently, then at least in your 
classroom days. The history of solutions to this problem goes back 
to a 1909 paper by A. Sommerfeld and is replete with mistakes. In
deed, because of the mistakes made by so many prominent scientists 
and engineers in solving the simple half-space problem, it has been 
with some considerable trepidation that we have extended solutions 
to our particular problem. 

To put the solution in integral form is reasonably straight 
forward. NEXT SLIDE, please. We use cylindrical coordinates. 5 
The transmitting antenna is located at the origin and'we calculate 
the three components of the field at any point (p, ~~ z). I show 
here the integral for one component only as illustration. 

kp - transverse wave propagation rector 

Il - moment of the antenna 

kz - a-component of wave vector 

RTE - reflection coefficient 

Hl(l) -Hankel function of the 1st kind 

The reflection coefficient is a function of the properties of 
various layers and their depths. The exponential term exp(ik 2 z) 
accounts for the receiver height. In integral form, the solution 
~s elegant and almost certainly free of errors, however, I find it 
difficult to compare this integr~diectly with data. Of course, it's 
in the evaluation of the integral that one is likely to make mistakes. 
I have always suspected that's why theoreticians lose interest in 
problems when they get the solution in integral form. So we have 
used several different schemes to solve the integrals for our 
particular problem. First, we have solved the integrals numerically 
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with Simpson's Rule which unfortunatley used rather large amounts of 
computer time. This direct method has provided a very good standard 
by which to compare other solutions. A second approach to solving 
the integrals used the geometrical optics approximation (GOA) . In 
the GOA, we can readily identify the origin of the contributions to 
the total field. In this NEXT SLIDE, I have plotted the relative 6 
amplitudes of the individual contributions to the solution for the 
Hz field for a particular case. The half-space solution which shows 
the many characteristic wiggles is identical to the solution that 
was produced by Sommerfeld in his correct 1926 version, and has 
been reproduced by many other authors. An excellent d~scussion 
of the half-space case is given in the monograph by Banos. NOte 
especially the relative amplitudes of the first reflection, second 
reflection, third reflection, and so on. It is from such plots as 
this that we can understand the failure of the radiation fields to 
decrease monotonically with distance. The contributions from second 
and third reflections have increased significantly the amplitude 
of the field. In adding these various reflections, one includes 
of course, the phase of the signal. 

Perhaps now is the appropriate time to emphasize that in the 
SEP experiment we use only amplitude. We would have liked to use 
phase also but the practical difficulties of detecting, measuring, 
and recording both amplitude and phase seemed too great--at least 
within the constraints of a flight experiment. 

The NEXT SLIDE lets us compare the geometrical optics approxi
mation with the exact solution obtained with Simpson's Rule. we 
think that the "fit" is quite good. 

A third way to evaluate the integrals is that of mode theory. 
We iden~the poles of the integrals on the comples plane and use 
the theory of residues to evaluate the integrals. The NEXT SLIDE 
shows a comparison of the result of GOA and mode analysis. We have 
also included data from a glacier traverse and I will discuss the 
glacier data later. For this model, at least,both GOA and the mode 
formulation give comparable results. In actual fact, there is con
siderable overlap in model conditions for which this occurs. How
ever, for very thin layers, one must use the mode approach. For 
thick layers, the computation time for the mode approach is prohib
itive and the GOA gives adequate solutions. So that we find in 
working with "real" data that we generally make a choice between the 
two methods on the basis of practicality when the layers are optically 
thick, but for thin layers use the mode formulation. 

And finally a fourth method that we have just begun using is 
based on the Fast Fourier Transform (FFT) algorithm. With suitable 
manipulations of the integral, we can get it in a form to use the 
FFT to solve the integral. In order to keep credits straight, let 
me mention that Ray Brown and Leang Tsang were mainly responsible 
for the FFT method. The results obtained with FFT are identical 
with those obtained with our other methods. Let me show some slides 
for comparison. In the NEXT SLIDE, we show FFT, Mode, and GOA for 

7 
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a two layer model. Then, quickly, the NEXT SLIDE 
Simpson's Rule for a three layer model. And then 
we compare FFT and Simpson's Rule for a six layer 
is especially useful for models with many layers. 
disadvantage though that the source of individual 
the solution is not identifiable. 
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shows FFT and 
in the NEXT SLIDE 
model. The FFT 
It has the 

contributions to 

Given that the concept of the experiment might work, and given 
that we have a mathematical formulation that appears to give reason
able looking results, we had to convince ourselves that (1) the 
experiment really would work, and {2) we had a correct formulation 
of theory before going to the Moon. After all, one would be rather 
fool-hardy to go to the Moon to test an experiment only to discover 
that he had chosen the wrong sign for a square root! 

TESTING THE EXPERIMENT 

8-2 
8-3a 
8-3b 

We field-tested both the experiment concept and the mathematical 
formulations on several glaciers. Why choose glaciers? In order for 
the subsurface waves to propagate sufficiently far to obtain inter
ference patterns, we needed a geologic material in which the attenuation 
was low. Everyone knows that ordinary rocks at the surface of the 
earth are much too conductive because they contain water. We knew 
of two such geologic materials that occurred in sufficient quantity 
to provide useful tests--glacial ice and salt. Both have quite low 
conductivity. The geometry of glaciers seemed better for our pur-
poses and so, early on, we decided to use glaciers. We have tried 
the SEP technique on the Gornier Glacier in Switzerland, the Athabasca 
Glacier in Alberta, Canada, and several glaciers and icefields near 
Juneau, Alaska. But let me describe the results for the Athabasca 
Glacier only. 

We chose the Athabasca for several reasons. It is easy to 
get there. One can drive to the foot of the glacier. One can even 
drive tracked vehicles out onto the glacier. In addition, several 
other workiers had previously determined rather well the geometry of 
Athabasca Glacier by several independent techniques including gravity, 
DC electrical sounding, some EM sounding, seismic work, and the most 
definitive of all, actual drilling. Shown in the NEXT SLIDE is a 9 
contour map of the Athabasca Glacier. On this slide, the dots in
dicate the location of drill holes. The heavy line indicates the 
location of a SEP profile. Along this profile we were able to 
match the depths to about 5 meters. The NEXT SLIDE is an example of 
the data obtained on the AEhabasca and the quality of the "fits" ob
tained. Quite frankly, not all field data could be matched equally 
well with our theoretical curves. Perhaps Dave Strangway will show 
you some of the misfits. In addition to the gross features shown in 
this slide--and often matched well--there were also quite a few other 
features in the glacier data probably caused by scattering of the 
EM waves off such features as crevasses, holes in the ice, boulders, 
and bottom topography. Even though we had not identified the cause 
of such features before the Apollo 17 flight, we were very comforted 
to find that we could indeed match actual field data with our exper
iment with the theoretical curves. 
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Incidentally, I should add that an unstated reason for choosing 
the Athabasca Glacier is the excellent working conditions shown in 
this NEXT SLIDE. Also our field assistants, shown in the NEXT SLIDE 11 
resting up, rather liked the Athabasca. 

A second method of testing our mathematical formulation was 
that of model tanks. We scaled wave lengths and used three centi
meter radar equipment, modified somewhat, to obtain interference 
patterns with various dielectric oils and aluminum plates for re-
flectors. Shown in thes NEXT SLIDE are the results for one exper- 13 
iment. I show this slide for two purposes--to illustrate tank results 
and to indicate that for very thin layers the GOA is inadequate. 
Notice that we match extremely well the experimental data with the 
mode results. Note that we use the E-Field, rather than H. In 
scale models, at least as we construct th~n, we were unable to make 
electrically small loops in order to measure the magnetic field and 
have contented ourselves with measuring the electric field at the 
receiver. One of the distinct advantages of using tank models 
for this kind of work is that one can vary the thickness of individual 
layers over a large range and can see experimentally the conditions 
under which the various solutions are satisfactory. 

Thus, we had essentially three different techniques for verify
ing that the mathematical formulations for our theory of layered 
media were e~tially correct. One, we could compare with the exact 
calculations obtained with Simpson's Rule; two, we could match 
experimentally-observed data on glaciers and could calculate thick
ness quite accurately; and three, we could match experimentally
observed data from scaled models. From these tests, we were quite 
sure that our experiment could provide useful data from the Moon. 

LUNAR EQUIPMENT 

Let's discuss briefly the equipment that was used in the exper
iment on the Moon. In the NEXT SLIDE, we show the transmitter as it 14 
was deployed on the surface of the Moon. Note the solar cell panels, 
the sole power source for the transmitter. At 1 MHz, we used a power 
input to the antenna of 4 watts. At the other frequencies, 2, 4, 
8, 16, and 32 MHz, the power input to the antenna was 2 watts. The 
transmitter box was about 1 foot on each side. The transmitting 
antennas were carried on reels to the Moon and then deployed by 
the astronauts. The antennas were electric wires with traps placed 
at the appropriate distances to provide tuned half-wave dipoles at 
each frequency. Total length of the transmitter antenna, tip to 
tip, was 70 meters. In the NEXT SLIDE, we see the antenna laid out 15 
on the surface. The Rover track was used as a reference for laying 
the antenna. The NEXT SLIDE shows the receiver and receiving antenna 16 
mounted on the Lunar Rover. We were always concerned about parasitic 
resonances in the Rover and the various tools nearby. As you can 
see, the SEP receiving antennas were uncomfortably close to various 
potentially disturbing materials. Apparently, and I use the word 
with careful consideration, apparently the parasitic resonances did 
not develop, at least with respect to the horizontal loop. To date, 
we have mainly analyzed the Hz component. 
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The NEXT SLIDE shows the reciever in an opened condition and 17 
the tape recorder being removed. Note the optical surface reflectors 
used for cooling the receiver and the thermometer used to monitor 
the temperature of the receiver. The whole tape recorder was returned 
to earth by the astronauts. Let's now look briefly at what we've 
learned from the data. 

THE LUNAR DATA 

First, the location of the lunar experiment. NEXT SLIDE, please. 18 
The location of the Apollo 17 landing site is here. Previous missions 
were here, here and so on. The Apollo 17 landing site is in the 
mountains adjacent to the sourtheast corner of Mare Serenatatis. 
The NEXT SLIDE shows an artist's sketch of the general region and 
the NEXT SLIDE shows the immediate vicinity of the landing site, 
including the valley, the prominent cliff that is 80 meters high, 
and the majestic mountains. The planned and actual touchdown spot 
is shown here. Note the route of the traverses. The location of 
the SEP transmitter was just south of the LM, about here. We ob-
tained data along the traverse from the SEP site towards Station 2. 
We also obtained, but have not yet reduced, data from Station 4, 
back towards the LM. We had planned to obtain data from the SEP 
site towards Station 6 and beyond: However, a combination of 
events prevented us. On reaching Station 6, the astronauts found 
that the switch on the receiver was in the "Standby" position. Sub
sequently, we were unable to obtain data because of overheating of 
the receiver. We finally removed the tape recorder about halfway 
along this traverse in order to prevent the loss of data that had 
already been recorded. So the data that we have from the Moon con
sists of the profile from the SEP site towards Station 2, plus 
some data from Station 4, towards the SEP, ~7hich have not yet 
been reduced. Let's now examine some of the data, and our inter
pretation of them, from the SEP site towards Station 2. 

In the lunar equipment, we used two transmitter antenna 
orientations, six frequencies, three othogonal receiving antennas. 
So, 2 X 6 X 3 is 36 individual profiles for each traverse. In 
this NEXT SLIDE, I show you one such profile, namely the Hz com
ponent for the north-south antenna and for the 16 MHz frequency. 
For comparison, I show the theoretical profile calculated for a 
half space with dielectric constant of 3.2. Note how well we 
match the locations of the peaks and troughs and the falloff with 
distance. Thus, we are confident that we have the correct values 
for dielectric constant and for loss tangent. We match equally well 
the data for the other frequencies. In this NEXT SLIDE, I show 
the match for the 1 MHz Hz data. With a simple half-space model, 
we match the data quite well with values of permittivity given in the 
NEXT SLIDE. Note that the model used for each frequency is a half
space. Because the skin depth varies with frequency, we inferred 

19 

20 
20A 

21 

22 

23 

that these data implied a continuous variation of permittivity with 
depth. So we drew a model with smoothly varying E with depth and 
proceeded to calculate the interference pattern. NEXT SLIDE, please. 24 
We used a 20 layer model and the FFT program. 
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Much to our surprise the pattern showed no peaks and troughs. 
It varied smoothly with distance. We therefore reject the model of 
a smoothly varying £ with depth. 

Our current approach is to restrict the models to a few 
layers and to include finite discontinuities in c. We use the 
"half-space" values of c as a function of frequency as a guide. 
We have calculated 2 dozen models with this approach. None fits 
perfectly. I think, though, that several features have emerged: 
First, the loss tangent is quite low--at least as low as 0.003 and 
perhaps as low as 0.001. Second, c near the surface is about 3.2, 
attains a maximum within 100 to 200 m of the surface and then de
creases slightly. Third, discrete layers are present. Fourth, c 
does not change significantly from 5.6 over the next 2 - 2 1/2 km. 
Fifth, free water is not present in the outer 2 1/2 km of the Moon, 
at least at the Apollo 17 site. 

In this NEXT SLIDE, I show our present best model. As you can 25 
see, the match is not perfect and we clearly have not yet wrung out 
all the information in even the Hz data. 

Let me summarize the status of the SEP experiment. We have 26 
developed and fully tested the concepts that the field strength of 
the radiation from a dipole antenna can be used to estimate the 
electrical properties of subsurface materials and to determine the 
geologic structure. We have applied this technique to the study 
of the Moon and several glaciers. We suggest that the same technique 
with some modifications may very well be useful for prospecting for 
subsurface water in arid regions and for the study of salt domes and 
salt deposits. In connection with the lunar experiment, our analysis 
is still in progress but we have found a "best" model that fits the 
gross features. In closing, let me say that we had great confidence 
that our equipment would work properly on the Moon. On the other 
hand, we did have backup equipment in case of failure, shown in the 
NEXT SLIDE. For some reason, Jack Schmitt insisted on wearing a 27 
disguise whenever he practiced. 
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GEOPHYSICAL SUBSURFACE PROBING 

WITH RADIO-FREQUENCY INTERFEROMETRY* 

by 

J. A. Kong+, L. Tsang+, and Gene Simmons++ 

Abstract: The radio-frequency interf~metry method can be used 

to probe interiors of celestial bodies and terrestrial areas with 

low conductivity. Several glaciers have been studied with this 

technique. An experiment b~sed on this method was designed for 

Apollo 17 to examine the lunar subsurface. In order to inter~ 

pret the interference patterns, we have studied theoretically the 

electromagnetic fields due to a dipole antenna on the surface of 

a horizontally stratified n-layered medium. Three approaches are 

~sed to calculate the interference patterns: 1) direct numerical 

integration 2) asymptotic evaluation by the saddle point method 

3) residue series approach. The asymptotic approach leads to the 

geometrical optics interpretation. The residue approach leads 

to modal analysis. Validity of the formulation is checked by 

comparisons with analogue model tank experiments and actual field 

data obtained from glaciers. 

* This work was supported in part by NASA Contract No. NAS9-11540 
and in part by the Joint Services Electronics Program (Contract 
DAAB07-71-C-0300). The paper was originally presented at the 
URSI Symposium held at Williamsburg, Virginia, December 15, 1972. 

+ Department of Electrical Engineering and Research Laboratory 
of Electronics, Massachusetts Institute of Technology. 

++ Department of Earth and Planetary Sciences, Massachusetts 
Institute of Technology. 
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1. INTRODUCTION 

The subsurface of planetary bodies, including the earth 

and its moon, can be examined with electromagnetic waves. In 

1955, radio-frequency interference fringes were used for geo

physical prospection of underground water in the Egyptian 

desert1- 2 • Recently the technique was developed for use during 

the Apollo 17 mission to measure the subsurface electromagnetic 

properties of the moon3 • I~ the experiment, a transmitting antenna 

consisting of a pair of orthogonal dipoles is laid directly on 

the lunar surface. The antenna radiates sequentially at frequen

cies of 1, 2.1, 4, 8.1, 16 and 32.1 MHz in a time window of 100 

millisecond for each frequency. The time window is sufficiently 

long that the experiment is effectively a continuous wave experi

ment. A receiving antenna consisting of three orthogonal loops 

is mounted on the lunar roving vehicle. As the vehicle traverses 

the lunar surface, the s.trengths of the magnetic field components 

are measured as a function of distance from the transmitting 

antenna. The data are recorded on magnetic tape and returned to 

earth for analysis. The interference patterns of the field-distance 

plot contain information about the electromagnetic properties of 

the lunar subsurface. .To test both equipment and theory, experi-

ments have been performed on 4-5 glaciers in SWitzerland, 

Canada, and Alaska and on a scale model tank in the laboratory. 
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In this paper, we present the theoretical basis of the 

expertment and compare the various methods of attack. The 

mathematical model is a stratified n-layer medium. Each 

layer is bounded by plane boundaries and possesses different 

electric permittivity, magnetic permeability, and thickness. 

Although dipole radiation in the presence of stratified media 

has been studied extensively6- 16 , a proper account for the 

interference fringes method is still lacking. The geometri

cal optics approximation was the first approach used in cal-
l 15-16 culating intereference patterns ' • With the use of 

the reflection coefficient for.mulation14 , all field components 

can be expressed in integral forms with a single variable of 

integration. In order to obtain explicit expressions for 

the six field components, the following three different ap-

proaches. are used to evaluate the integrals: 1) geometrical 

optics approximation, 2) modal approach, and 3) direct 

numerical integration. ·The direct numerical integration can 

be made to yield accurate results and is useful in calculating 

near field solutions. The geometrical optics approximation 

consumes very little computer time and permits a very simple 

interpretation in terms of ray optics. In the modal approach, 

the solutions are expressed in terms of summations over nor-

mal modes pertaining to the structure of the stratified med-
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II. THEORY 

1. General Formulation 

Consider a stratified medium of n layers. Each layer 
' 

is homogeneous, isotropic, and horizontal. The electric per-

mittivity and the magnetic permeability of the ith layer 

are 

space. 

and ~i' respectively. The zeroth layer is free 

Both layer 0 and t are semi-infinite half-spaces. 

An infinitesimal dipole lies on the interface between regions 

0 and 1. We use cylindrical coordinates p, ~ and z. 

The origin of the coordinate system is at the dipole. The 

z-axis is vertical and perpendicular to the interfaces. The 

angle ~ is measured with respect to the dipole and p is 

the distance transverse to the z-aXis. The electromagnetic 

fields produced by a horizontal electric dipole, located at 

the origin of coordinates and oriented in the x-coordinate 

direction in free space, can be written in terms of their 

transverse electric (TE) and transverse magnetic (TM) wave 

fields in the form of integrals. The TE and TM solutions of 

the fields are: 

_.J:_ H(l) (kpp) cos ~ 
k p 1 

z 

!TE • 
00 w~IR. ik z kp (1) 1 

J dkp( ) {l+RTE)e z -H (kpp) sin ~ 
-oo 811' k 1 

z 

0 

ikp 
( 1) I 

Hl (kpP) sin <P 

-TE 00 

(iii) (l+RTE) 9 ikzZ H = f dk i H ( 1) (J;: fl) (;(Jf:J 1r 8n -oo p 
II l ,, 

k /. ( j ) 

E- Hl ( k p fJ) sin .p 
z 

(1) 

(1) 
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ik k H(l)' (k P) cos <P z p 1 p 
00 

-TM f dk . It (1-R™) eikzz -i kz H(l) (k p) {3) E = ~-- sin cf> 't-oo p 8nwe: p 1 p ; 

k2 H(l) (k p) cos <P p 1 p 

1 (1) 
(kpP) sin <P -- H p 1 

-TM 00 • 
H f dk (It) (1-RTM) eikzz -k 

(1) 
= H1 (kpp) cos <P {4) - p 87T p 

00 

0 

In Eqs. (1) and (2), It is the antenna strength, w is the angular 

frequency, kp and kz are the p- and z-components of the wave 

vector. ail) (kpp) is the first order Hankel function of the 

first kind, the prime on the Hankel function denotes differenta-

tion with respect to its argument. In the column matrices, the 

first element denotes the p-component, the second element the 

<~>-component, and the third element the z-component. The reflec

tion coefficients RTE and RTM include all contributions due 

to the stratified medium. They can be obtained by means of 

propagation matrices12 which relate wave amplitudes in different 

layers. 

In this paper, we illustrate the solutions of the above 

formulation with the two layer case, where the reflection 

coefficients are deduced from {3) and given by: 

TM2 

RTM 1 [ 1 - 1 + 
1- CRol> 

= TM TM ] 
RTM Rol Rl2 exp (i2k1zd) 01 

2 
1-{RTE) 

RTE 1 01 
= [ 1 - 1 

RTE 1 + RTE RTE exp (i2k1zd) 01 01 12 

(5} 

(6) 
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For simplicity, we use d to denote the depth of the subsur

face reflector. Note that the ten integrals in Eqs. (1) through 

(4) all contain either 1 - RTM or 1 + RTE in the integrand. 

we solve the integrals by the following three approaches. 

2. Geometrical Optics Approximation 

In the geometrical optics approximation, we expand 1 - RTM 

and 1 + RTE in a series. 

OC) 

1 - RTM TM RTM) I 
TM m-1 TM m ei2kizmd] 

= (1 + R10 > [1 + (1 + (RlO) (Rl2) 10 m = 1 
OC) 

1 + RTE = (1 + RTE) [1 + (1 + RTE) I (RTE)m-1 (RTE)m ei2kizmd 1 
.01 10m = 1 10 12 

Each term in the series can be evaluated by the saddle point 

method and attributed to a particular image source15 The 

wave that arrives at the receiver after oqe reflection from 

the subsurface can be traced back to the first image and is 

identified with the first term in the summation series in 

Eq. (7). Similarly, the plane wave that arrives at there-

ceiver after n reflections from the subsurface is represented 

by the nth image and corresponds to the nth term in the sum

mation series. 

The wave that reaches the receiver without reflection 

from the subsurface corresponds to the first term in both ex

pressions. Thus, the first term is the classic half space 

solution. If there is no subsurface reflector the spatial 

wavelength of the interference pattern Aint is related to 

the refraction index nt of the half-space medium by 

= (8) 

{7a) 

{7b) 
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where . Ao is the free space wavelength corresponding to the 

transmitting antenna frequency. From measurements of Aint 

we can estimate the value of the index of refraction of the 

half-space medium. 

When there is a subsurface reflector, the energy per unit 

angle launched from the transmitting antenna into the first 

layer in the broadside direction, is a maximum at the critical 

angle 

e = c 
. -1 

s~n (1/nt) (9a) 

If the peak due to the first reflection occurs at a distance 

Pc' then the thickness of the layer, d , is given by 

= .,1 2 
n - 1 t 

(9b) 

In the endfire direction, the energy per unit angle launched 

from the transmitting antenna into layer •1 is a maximum at 

the angl'e 

= (lOa) 

If the peak due to the first reflection occurs at the distance 

pd' then the layer thickness is given by 

(lOb) 

The complete interference pattern is obtained by summing all 

the wave components with due regard given to both amplitude 

and phase. It is sometimes suggested that Eqs. {9b) and (lOb) 

be used to predict the depth of the subsurface reflector. In 

practice, the peak positions due to the first reflections in 

the actual experimental data are difficult to identify. 



8-8 

3. Mode Analysis 

In the mode analysis, we first find all the poles of 

1 + RTE and 1- RTM in the complex plane of kp. The original 

path of integration from -oo to +00 is then deformed to the 

steepest path passing through the saddle point. In the case 

of a receiver near the surface the saddle point occurs at k a k. 
p 

The value of the integral is then equal to the sum of the residues 

of each pole lying between the original path and the steepest 

descent path plus the saddle point contribution and' any branch 

cut contributions. The poles of 1 + RTE and 1 - R™ are 

determined from 

TE TE 
R10 R12 exp (i2k1zd) = exp (i2~n) (11) 

(12) 

Setting . 1 • O, 1, 2, • • • yields positions of the poles. 

Each pole corresponds to a wave mode11 • The modes with wave 

vector components k < Re(k ) < k1 , Im(k ) > 0, Re(kz) < 0 
p p -

are surface wave modes. They correspond to 

waves that reach the receiver from the surface and decrease 

in magnitude exponentially as they leave. There are only a 

finite number of surface wave modes being excited and they are 

the significant ones when distance is large from the trans

mitter. 

The other group of modes are the leaky wave modes. The 

wave vector vomponents Re (k ) < k, 
p 

Im (k ) > 0, 
p 

and Im(kz) < 0. They correspond to-waves that reach there

ceiver from beneath the surface and increase in magnitude 

exponentially as they leave the surface. There are an infinite 
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number of leaky wave modes being excited and they decay very 

rapidly with distance from the transmitting antenna. They are 

important only in the near and intermediate ranges. 

In evaluating the integrals, the original path of inte-

g'rantion is defc.)rmed to the steepest descent path possing the 1 .~ 

saddle point. For the poles that lie between the original and 

the ne~ path of integ'ration,,the corresponding modes are ex-

cited. For the poles that lie close to the saddle ~int, 

their effect on the saddle point contribution must be taken 

into account by using the modified saddle point method. The 

saddle point contribution corresponds to the direct wave from 

the transmitter to the receiver. 

The number of excited modes depends on the thickness of 

the slab. When the slab is thicker, there will be more s~rface 

wave modes existing between the old and the new path of inte

g'ration. If the slab is sufficiently thin,,no surface mod~ 

will be 9enerated. 

In addition to the saddle point and the pole contributions, 

there are two branch points at and Since 

the integrand is an even function of klz' the branch point 

at k1 does not contribute to the integral. The contri

bution due to the branch point k2 corresponds to an in

homog'eneous wave decaying away from the bottom surface with 

exp (-2 vfk2
2 - k1

2 d). Thus t~e inhomogeneous wave is im

portant only when the slab is s~fficiently thin. 
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4. Numerical Evaluation 

The integrals in Eqs. (1) through (4) can be readily evalu

ated numerically provided they are we\\ defined and properly 

convergent. In the actual computation procedures, we change 

the Hankel functions to Bessel functions and integrate from 0 

to ~ instead of -~ to ~. Although the Hankel function 

has a singularity at kp • 0, the integrand as a whole is reg

ular at that point. For the integrands to be well defined, we 

must avoid the branch point k • k. p When lm(k) ~ 0, the 

branch point does not lie ·on the path of integration. If 

lm(k) • 0, we choose the Sommerfeld path for the integration. 

Simpson's rule is used in carrying out the numerical inte-

gration. The amount of computer time needed to obtain a given 

accuracy is reduced in two ways. First, because of the presence 
• 

of the factor exp(ikzz) in the integrand, we choose z ~ o1 

the larger the value of z, the faster is the rate of convergence. 

Physically, this choice corresponds to having the receiving point 

above the surface. In the lunar experiment, the receiving antenna 

is about 2 meters above ground when mounted on the Lunar 

Roving Vehicle.· Secondly, we vary the integration increments 

Akp as a function of distance from the transmitter. The magni

tude of Akp depends mainly on the rate of oscillation of the 

Bessel function which for large value of the argument kpP is 

proportional to cos (kpp). 

For comparison with other techniques, we have evaluated 

numerically the H
2
-component of a two layer model with a 

perfect reflector. The frequency is 8MHz which corresponds to 

a free-space wavelength of Ao= 37.5 m~ters. The layer has 
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dielectric constant 3.3€0 , loss tangent 0.01, and a layer thick

ness of 4A 0 . The results are shown i~ Fig. 6. The receiving. 

antenna has a height of 3 meters. 

0.5 to determine the increment ~k • 
p 

We used ~kpP as small as 

With a distance f 14' 0 p~ AO' 

~kp = O.S/14A 0 : 0.004. The computation is stopped when the 

absolute magnitude of the integrand becomes smaller than 0.002 

of the accumulative area. About 5000 increments are used typical 

typically for computation. Computation time on the IBM 360-65 

was about 2 minutes per point as shown in Figure 1. 

The numerical method has both advantages and disadvantages. 

If the technique is properly applied, the results can be made 

quite accurate. But the computation time is large and it 

provides no physical insight. However, as opposed to other 

asymptotic methods, which are valid only when the distance is 

far from the transmitter, the numerical method is valid for all 

distances. Thus the numerical method provides a useful check 

for other techniques of computation. Most useful of all, it 

supplements the asymptotic methods for near field calculations. 

Because the magnitude of the increment· ~kp is inversely propor

tional to p, the computation time per point for small values . 

of pis also considerably less than that for large values of p. 

5. Comparison of Theoretical Solutions 

In Figure 1, we show Hz as a function of distance calculated 

on the basis of the three different approaches for a single 

model. The model consists of a single layer, 4A in thickness, 

with € = 3.3€0 and tan~ = 0.01, between free space above and 

a perfect conductor below. The fields are calculated for a 
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receiver at a height of 3 meters above surface at 8 MHz. Inspection 

of the figure shows that the results from the mode analysis agree 
\ 

well with those obtained from numerical integration. Note in 

particular that the positions of the first peaks in the geometrical 

optics approximation and in the mode analysis occur at different 

locations. In the following sections, the theoretical calculations 

are compared with the various experimental results. 

III. EXPERIMENTAL CONFIRMATION 

Both the concept of this experiment and the equipment have 

been tested extensively on glaciers and with laboratory-sized 

scale models. Because of the variability of natural materials, 

we used several different glaciers--the Gorner Glacier in Switzer-

land, the Athabasca Glacier in Alberta,Canada, an~ several glaciers 

that dra'in the Juneau, Alaska icefields. Each of t:.hese glaciers 

had been studied previously. Because the shape, depth, and 
. 17-20 

physical properties of each glacier were known already , the 

data obtained on the glaciers can be used to check our theoretical 

expressions. Although we have collected data on several profiles 

on the Gorner, about 50 profiles on the Athabasca and about 120 

profiles with lengths of 1 to 1} km on the Juneau glaciers~ 

we shall cite results for only two profiles. These results 

are typical of the other profiles. 

1. The Gomer Glacier 

The Gorner glacier, located in southern Switzerland, 

has been studied for more than a century. The rather extensive 

set of data includes the results of gravity, seismic, and (D.C.) 
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electrical resistivity surveys. The thickness and shape of the 

glacier were well-determined. Our field gear was quite simple 

and included a General Radio 1330A bridge oscillator for the 

transmitter, a Galaxy R530 communications receiver, and homemade 

antennas. The glacier was quite thick in our test area. In 

Fig. 1 we show the interference pattern of the vertival magnetic 

component for the broadside transmitting antenna at 10 MHz. The 

observed peaks and troughs match very well the corresponding 

features in the theoretical curve calculated for a one layer 

medium with dielectric constant 3.2€0 (1 + i0.03). For one layer 

media, the summation terms in Eq. (7) do not contribute. 

2. The Athabasca Glacier 

The Athabasca glacier, located about 75 miles south of Jasper, 
19-20 Alberta, Canada, has been thoroughly studted also by such other 

methods as seismology, gravity, electrical resistivity measure

ments, and drill holes. The ice thicknesses measured by seismic 

reflections and by direct measurement in boreholes agree quite 

well and we use the profiles reported by Paterson and Savage 

as standards with which to compare the thicknesses determined 

from our electrical sounding technique. In figure 3, we show 

typical results, the interference pattern of the vertical magnetic 

component at 2 MHz. Note the excellent match between the experimen

tal curve and the theoretical curves obtained with both the 

geometrical optics approximation and the mode analysis. Our 

interferometry data in~icate a depth of 180 meters which is in 

aood agreement with the results of drilling, seismic and gravity 

surveys. 
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3. !h! Scaled Model ~ Experiment 

A scaled model tank, operating at 6 GHz, was used to obtain 

interference patterns for a dielectric layer with dielectric 

constant 2.16e
0

(1 + i0.0022) over an aluminum reflector. The 

Genera~ features of the model tank were described by Rossiter 

et a15• With the mode analysis,. we are able to match the 

experimental curves from the model tank experiment. To show 

which modes are excited, we transform to a complex e • e' + ie" 

~la~~ such that kp • k ~in e, and k~ • k co~ e. In Fig. 4, 

we illustrate on the e-plane the solution of the Hz-component 

by the modal approach. There are two double-valued functions 

klz and k2z. We choose the two branch cuts to be Re(klz) = 0 
• 

and Re(~2z> • 0. Of the four Riemann sheets, we are interested 

in the poles on the sheet with Re(k1z> > 0 and Re(k2z> > o. 
The excited modes marked with circles are surface wave modes. 

The excited modes marked with crosses are the leaky wave modes. 

All unexcited modes are denoted by triangular signs. In Fig. 5, 

we compare the experimental results for layer thicknesses of 

lA, 2.SA, and SA. Note specifically that for shallower depths 

the geometrical optics approxfmation fails to account for even 

the gross features whereas the mode approach fits the experimental 

data excellently. 
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IV. CONCLUSIONS 

The radiation ~ields due to a horizontal electric dipole 

laid on the surface of a stratified medium have been calculated 

with three different approaches and compared with the various 

experimental results. The solutions are obtained from the 

reflection coefficient formulation and written in integral forms. 

In the near field of the transmitting antenna, analytical methods 

involving asymptotic expansion are not applicable. Direct numerical 

integration of the integrals by a .computer is the simplest and 

the most useful. The numerical method for near field calculations 

also yields a~curate results and uses less computer time than far 

field calculations. When the receiver is far away from the trans

mitting antenna, the integrals can be evaluated asymptotically by 

the method of steepest decants. For lossy media and' large layer 

thickness,, the geometrical optics approach gives rather accurate 

results. The interference patterns calculated from this approach 

can be easily interpreted in terms of ray optics. When losses are 

small and layers are thin, the mode approach is most attractive. 

The results can be interpreted in terms of normal modes of the layered 

medium. Although the calculations and illustrations presented 

in this paper were done for the one layer and the two layer cases, 

the calculations can be readily generalized to handle more layers. 
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FIGURE CAPTIONS 

Fiq. 1. Comparison of theoretical results. These interference 

patterns are calculated for a d~electric layer with 

dielectric constant 3.3£
0

(1 + iO.Ol) overlying a 

perfect conductor. The receiver has a height of o.oa 

Fiq. 3. 

wavelength. The amplitude is normalized with the factor 

It/4'/f).: 

Comparison of Gorner glacier data with theoretical 
I 

results for the vertical magnetic field component Hz 

at 10 MHz. The theoretical curve is calculated for 

a one-layer medium with dielectr!c constant 3.2£
0

(1 + i0.03) 

~ith the amplitude normalized with the factor I1/4'1T>.2 • The 

experimental curve is shifted upward to show the match. 

A set of Athabasca data taken at 2 MHz, site 3 compared 

with the theoretical results obtained with mode approach · 

and geometircal optics approach. The theoretical results 

are calculated for a layer of ice with dielectric constant 

3.3£
0

( 1 + i0.15) a·.d depth 1.2>. = 180meters. The scale 

is 8 db/division. 



· Fig. 4. 

Fig. 5. 

•' 
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\ . 

The comple a-plane for mode analysis. The calculation 

is made for a layer of thickness 1 free-space wavelength 

and dielectric constant 2.16£
0

(1 + i0.0022) lying on a 

perfect reflector. The transformation is k = k sine, 
p p . 

. kz • kpcose. The excited surface wave modes and.the leaky 

modes lying between the original oath of integration 

and the path of the steepest decent are shown by circles 

and crosses, respectively. 

Scaled model tank experimental data compared with theore

tical results obtained with the mode approach and the 

geometrical optics approximation. ~he model consists of 

a·layer of oil with dielectric constant £ • 2.16£
0 

(1 + !0.0022). The subsurface ref1ector is an aluminum 

plate. 
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Abstract 

Two numerical methods are used to evaluate the 

integrals which express the EM fields due to dipole 

antennas radiating in the presence of a stratified medium. 

The first method is a direct integration by means of Simpson's 

rule. The second method is indirect and approximates the 

kernel of the integral by means of the Fast Fourier Transform 

(FFT) • In contrast to previous analytical methods which ap

plied only to two layer cases, the numerical methods can be 

9-2 

used for any arbitrary number of layers with general properties. 



I. Introduction 

In the Radio Frequency Interferometry technique described 

by Rossiter et al. {1973), propagating electromagnetic waves 

are used to explore various geological features. This techni

que was the basis of an Apollo 17 flight experiment to probe 

the subsurface features of the moon (Simmons et al., 1972, 

1974). It has been used also to study several terrestrial 

glaciers {Strangway et al., 1974). 
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The theoretical basis of the technique has been described 

by Annan {1973) and by Tsang et al. {1973). Briefly, the 

electromagnetic fields due to dipole antennas radiating in the 

presence of layered media are formulated in terms of reflection 

coefficients {Kong, 1972) and the results written in integral 

form for all field components. The chief practical difficulties 

arise in the evaluation of the integrals. For some techniques, 

the computation time on a large digital computer is prohibitive. 

For others, the region of validity does not include any region 

of interest. These matters are discussed in detail by Tsang 

et al. (1973) and Kong et al. (1974) who described both analytical 

and numerical methods for evaluating the integrals. Due to the 

complication introduced by the reflection coefficients, the 

analytical methods apply only to a few simple cases. Regions 

of validity of such analytical methods are also limited. The 

geometrical optics approximation, mode analysis, and Simpson's 

rule have been used to solve our problem for the case of a single 

layer overlying a half space. In this paper, the Simpson's rule 

has been extended to multilayer cases. In addition, we formulate 



the expressions, so that the FFT can be used to calculate the 

integrals. The case of many layers and the case of continuous 

variation with depth of the electrical properties can then be 

readily handled. 
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II. Formulation of the Problem 

Consider the case of a transmitting dipole antenna which 

is laid on the free surface of a horizontally stratified 

me!dium with n layers. For notation, we use a cartesian coor-

di.nate system with the dipole coincident with the x-axis. The 

it~h layer is characterized by permeability ll·, permittivity 
1 

c1 , and position of the boundaries z= -di-l and z= -di. The 

zeroth-layer is free space and the layer, denoted by i = t, 

e:>:tends to infinity in the Z-direction. Distance is always 

scaled to the free space wavelength A.
0

• The integral expres

sions for the electromagnetic fields due to the radiation from 

such an antenna have been obtained by Kong ( 1972) • In the 

region above the stratified medium, all six components of the 

electric and the magnetic field vectors take the form of an 

integral which involves Hankel functions of the first kind, 

reflection coefficients that contain all the information 

necessary to characterize the medium, and an exponent exp(ikzz), 

where z is the distance above the free surface and kz is the 

wsve vector component along the z-axis. We shall develop the 

details for a single field component as typical of the whole 

set, the vertical component of magnetic field vector H • We z 

now use a cylindrical coordinate system with the transmitting 

antenna located at the origin; p denotes distance and ~ denotes 

the angle made with the direction of the horizontal dipole. 

Then 

(1) 
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where 

kp is the p-component of the propagation vector k 

U. is the current moment of the antenna 

RTE is the reflection coefficient 

H(l) (u) is the Hankel function of the first kind with 
1 

argument u, 

the reflection coefficient RTE contains all of the information 

on the physical properties of the medium that pertain to 

Transverse Electric (TE) fields and is given by Kong (1972) 

11(+)1 11(+)1/11(-)1 -11(-)1/1.-1(+)1 
R TE = exp ( i2k d ) 0 ( 1 - 0 0 0 0 

z 0 ,11(-)1 11(+)1/'1-!(-)1 
~ 0 0 ' 0 

(2) 

11(+)2 
1 

11(+)2/11(-)2 - 11(-)2/11(+)2 
1 1 1 

where 

+ exp(i2k (d 
1 z 1 

-d )) 
0 11(-)2 

1 

(1 -

+ ••• + exp(i2k (d - d 1)) nz n n-

t 11 (-) 
n 

(+)~+1 = 11i+l + k(i+l)z 
11 - 1 11· k. 

1 1Z 

11(+)2/11(-)2 
1 1 

.... ) ) . 

(2a) 

kiz is the z-component of the t . th .th 1 wave vee or 1n e 1-- ayer, 

n is the number of layers, and t denotes the last region which is 

semi-infinite. The properties of the ith layer are completely 

general and are given as the complex permittivity £, and the 
1 

complex permeability 11·· 
1 
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In the following sections we use the Fast Fourier Trans-

form (FFT) to evaluate the integral for typical models. We 

then compare the results obtained by means of the FFT with 

the results based on Simpson's rule, the geometrical optics 

approximation and mode analysis. First though, we note a 

few preliminary observations with regard to the integral: (a) 

The singularity at kp = 0 in the Hankel function is a removable 

singularity. (b) The reflection coefficient is an even function 

The Hankel function can be changed into a Bessel 

function and the range of integration can also be changed to 

0 - 00 The integral becomes 

H z 

(c) As k + oo, 
p 

TE R + 0 and exp(ikzz) also tends to 0. 

(3) 

(d) The Bessel function oscillates rapidly for large argu-

ments. The integrand will converge rapidly if we choose 

z ~ 0. Physically, this choice corresponds to the observa-

tion point being above the free surface of the stratified 

medium. (e) The integrand may possess branch points, poles, 

and other singularities along the axis of integration. One 

can eliminate the mathematical difficulties caused by these 

singularities by either of two devices--move these singulari

ties away from the real axis by setting loss tangents of the 

media not equal to zero or deform the path of integration a 

small distance away from the real axis on the complex k -plane. 
p 
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III. Integration by Fast Fourier Transform Method 

Separate the integral (1) into two parts I 1 and r 2 • 

The first part corresponds to solutions in the absence of 

any stratified medium, and the result is given by the iden-

tity 

2 
00 k 'k ( ) - i ....e.. e1. z z H 1 

2 -~ kz 1 

The second part includes all effects due to the reflection 

coefficient RTE and after changing to Bessel functions, 

which is the integral that we want to solve with the FFT. 

(4) 

(5) 
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In applying the FFT, we use the formula ~radsheteyn and Ryzhik, 

1965) 

!00 -vkp 
Jl(kpp)dkp 

1 (1 - 'V e = 
0 p lv 2 + p2 

(6) 

'V = 'VR + i'VI' Re · {v + ip} > 0 

The integral is written in the following form 

00 

Jl(k p)dk 
p p 

(7) 



where 

2 
Ii k 

= i 4ir r 
z 

We can write (Cooley, 1967) for ~kp ~ l/2F where F is the 

Nyquist frequency 
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(8) 

1 a (f) e 
i2;r:fk 

P for 0 < k < (N - 1) ~k 
p 2 p = 

(9) 

where 

00 

a(f) = f g(kp)e-2 ;rifkp dkp 
-oo 

The proper choice of N, the number of samples, is essential 

for the best performance of the FFT and should be some 

integral power of two (i.e. 21 , 22 , 23 , etc.). 

The factor -2;rf corresponds to v1 in Equation (6). The right 

hand side of (9) is periodic and does not tend to zero at oo. 

We can multiply (9) by exp(-vRkp) so that the right hand side 

of (9) is sufficiently small for the range of k between p 
(~ - l)~k and oo. Then the final solution becomes, in view 2 p 

of the identity ( 6) 



N 2-1 

I 
n=-N/2 
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(10) 

In choosing the increment ~k , we recall the two alternatives 
p 

suggested in Section II. If we make the upper half space 

slightly conductive, which corresponds to Im k ~ 0, then 

we choose ~kp to be smaller than the distance of the branch 

point from the real axis on the complex k -plane. If we in-p 

sist on a real k, then we choose ~k such that one of the data p 

points coincides with the branch point and such that ~kp is 

smaller than the distance of the pole, or branch point closest 

to the real axis on the complex k -plane. 
p 

To calculate the expansion coefficient a in Equation (9) we 

use the FFT algorithm in a subroutine which, for a given set of 

data dk, returns the result 

j = 0, 1, ••• N-1 ( 11) 

We first alias the function g(k ) with period N~k and denote 
p p 

the aliased version by gp(kp). The subroutine requires data 

points of gp(kpp) between 0 and (N-l)~kp. Note that the function 

g (k p) is equal to g(k ) between 0 and (N/2-l)~k but gp(kp) p p p p 

between (~-l)~kp and (N-l)~kp is equal to g(kp) between -(N/2)~kp 

and -~k . In the subroutine we calculate 
p 
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(12) 

n = 0, 1, ••• N-1 

and return the aliased version of a(n/N~k ) , ap(n/N~k ) • p p 

We must be careful in translating from ap(n/N~kp) to 

a(n/N~kp) within the limits _ _!__to 2;k in order to use 
2~kp u p 

the result (10). 

We must choose N~kp such that the function g{kp) 

is sufficiently near zero outside the limits -N~k /2 to 
p 

N~kp/2. Although mathematically, we could choose z to be 

large, its value is predetermined by the experimental 

arrangement. vR must not be too small. Note that vR must 

be greater than zero but cannot be larger than z or the ex-

ponent in (8) will cause g{kp) to diverge. We choose~= z/2. 

In Figures 1 and 2, we show the interference pat-

terns for Hz calculated with FFT on the IBM 360/65 computer 

for a three layer and a six layer case, respectively. The 

height of the observation point was taken to be 2 meters, 

the height used in the lunar experiment. The computation 

time was about 2.5 minutes for each case. These results are 

to be compared with the results obtained with Simpson's rule 

and shown also in Figures 1 and 2. 



IV. Inte~ratioM by Simpsoft's Rtile 

Evaluation of the integral (1) by Simpson's rule was 

discussed by Kong, Tsang, and Simmons (1974). In 

applying the Simpson's rule for integration, the 

integration intervals are divided into small increments ~kp. 

The criterion for the choice of the increment depends on the 
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rate of oscillation of the Bessel function. We choose ~k p as 
p 

small as 0.1 radian. Thus when p = 20Ao and the frequency is 

32 MHz, we have ~kp ~ 0. 0005. We stop computation when the 

absolute amplitudes of the integrand become less than 0.2 % of 

the accumulative value for the integral. 

Note that the error term in Simpson's rule is given by 

n{~k ) 5/90 times the fourth derivative of the integrand. The p 

presence of the branch point due to kz at kp = k will inval-

idate the integration even in the simple case of RTE = 0, if 

one integrates along the real axis. We choose to keep k real 

and to deform the path to the Sommerfeld path of integration. 

Subroutines for Bessel functions of complex arguments are 

constructed. For small arguments, we use a power series 

representation, and for large arguments, we use asymptotic 

expansions for the Bessel functions. The subroutines have 

been checked against tables of Bessel functions. 

The computation is very time consuming. However, the 

convergence of the integrand will be very fast if the obser-

vation point is far above ground, i.e., for a large posi-

tive value of z. Note also that the magnitude of ~kp is 

inversely proportional to p. Thus the computation takes 

I I 
' ,, 

I 

1 
I I 
I >; 

I 



less time for regions near the transmitting dipole, where, 

in fact, most computational methods that use asymptotic 

expansion are invalid. 
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V. Discussion 

The magnitude of Hz for the three layer case and for the 

six layer case, calculated by FFT and by Simpsons rule are 

shown in Figures 1 and 2 for comparison. We conclude that 

both techniques yield identical results. Computation times 

are very different though - Simpsons rule used 32 minutes for 

the three layer case and about 40 minutes for the six layer 

case on an IBM 360/65 computer which is to be compared with 

2.5 minutes for each FFT calculation. Another possible consi

deration for some applications may be the fact that the FFT 

consumes large amounts of storage space in the computer when 

the Nyquist frequency and the number of sampling points are 

large. Also, the comparisons have been made for ranges that 

are unfavorable to Simpson's rule. 
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Further substantiation that our FFT formulation is correct 

can be obtained by comparison of FFT-results for a two layer 

model with results obtained with both the geometrical optics 

approximation and mode analysis. See Figure 3. Note that 

the curves have been displaced 20db so they can be seen more 

easily. Because the features of the FFT-results are also 

present in the results ·of both mode and geometric optics 

approximation (within the range of validity}, we conclude that 

the FFT formulation is correct. We note briefly though that 

other factors are sometimes important in the choice of a compu

tational technique. The analytical methods consume very little 



time, but they are applicable only in certain regions because 

of the approximations involved. The geometrical optics result 

applies when the distance is far from the transmitting antenna 

(ideally, greater than about 5-10 .A
0

) and when the layer is 

thick and lossy. The mode method can be applied to general 

cases, and is extremely useful for thin layers. Tsang et al. 

(1973) discussed the geometrical optics approximation in 
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greater detail. See Kong et al. ( 1974) for a complete discussion 

of mode analysis applied to electromagnetic wave propagation 

in layered media. 
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FIGURE CAPTIONS 

Figure 1. Comparison of the direct and FFT methods for 

a three layer model in which 

E:l = (3.3) (1 + iO.Ol)e: 0 dl = 1A
0 

E:2 = (5.0) (1 + i0.02)e: d2 = 2A
0 0 

E:3 = (8.0) (1 + i0.04)e: 0 

Vertical scale is 10 db per division. The curves 

have been displaced vertically 20 db for ease of 

comparison. 

Figure 2. Comparison of the direct and FFT methods for 

a six layer model in which 

E:l = (2.0)(1+ iO.Ol)e: 0 dl = 0.5A 
0 

E:2 = (3.0) (1 + iO.o2)e: 0 d2 = lA 
0 

E:3 = (4.0) (1 + i0.03)e: 0 d3 = 2A 
0 

E:4 = (5.0)(1 + i0.04)e: 0 d4 = 3A 
0 

e:5 = (6.0) (1 + i0.05)e: 0 d5 = 4A 
0 

E:t = (8.0) (1 + i0.06)e:0 
Vertical scale is 10 db per division. The curves 

have been displaced vertically 20 db for ease of 

comparison. 

Figure 3. Comparison of the FFT, Geometrical Optics (GOA), 

and Mode Theory 1 (MODE) for a two layer model in 

which 

e: 1 = 3.3(1 + i0.02)e:0 
e:t = 6.0(1 + i0.04)e:0 

Vertical scale is 10 db per division. The curves 

have been displaced vertically 20 db for ease of 

comparison. 
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Abstract 

This paper presents the results of a concentrated 

theoretical and experimental study into the electromagnetic 

response of a 2-layer dielectric earth. The side by side 

analysis of the theoretical response and the results of a 

scale model experiment demonstrates the fundamental features 

of electromagnetic wave propagation in such an environment. 

For layers thick on a wavelength scale the response is 

readily interpreted from a geometrical optics analysis. For 

thin layers, the response is best analysed from the normal 

mode viewpoint. The responses for both depth extremes as 

well as intermediate depths are presented and interpretations 

of the observations given. The onset of mode propagation in 

the model data is very distinctive. 

Introduction 

The radio interferometry method, previously summarized 

by Annan (1973) and Rossiter et al (1973), is a useful geo

physical method in geologic regions exhibiting extremely 

high electrical resistivities. In this context, high 

resistivity implies that displacement currents in the media 

must be considerably greater than the conduction currents. 

In terrestrial materials, this situation is encountered in 

ice-covered regions (glaciers, polar ice caps) for radio 

frequencies of the order of lMhz. and higher. Lunar materials 



also behave as low-loss dielectric materials in the Mhz. 
et ;\ 
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frequency range (OlhoeftA(l973), Katsube and Collett(l971)). 

The original papers, mentioned above, presented much of 

the preliminary work conducted to study the feasibility of 

the radio interferometry method. Subsequent to this work, 

a lunar experiment was designed, constructed and carried on 

Apollo 17 (Simmons et al (1972)). In order to be able to 

make a coherent interpretation of data from glaciers and the 

Moon, a much more detailed understanding of the basic features 

of the radio interferometry method was required. An in-depth 

computational analysis of the theoretical response of ideal-

ized models was made and these responses were simulated with 

a scale model experiment to check their validity. In addition, 

full scale experiments were conducted on gl~ciers in Alberta ,.& c•• pa"'ro" fiLPtY" 

(Strangway et al (197+' and in Alaska (Rossiter et al ) • 

In this paper, a subset of the theoretical and scale 

model studies are analysed. The purpose is to present a 

detailed, documented study of the response of a 2-layer, low-

loss dielectric earth for excitation by an-electric dipole 

antenna laid on the surface. Some preliminary results of the 

scale model and theoretical analysis are given by Rossiter 

et al (1973). In the course of this study, the theoretical 

and experimental work were carried out together in order 

.. that e_ach could be used to confirm the other. The end product 

was an in-depth understanding of the intuitively simple, but 

complex in detail, physical phenomena involved. 



Idealized 2-Layer Earth 

The idealized model studied is shown in Fig. 1. The 

2-layer earth is characterized by the dielectric constants 

K. and the loss tangents tanS .• The cartesian coordinates 
~ ~ 

( 
A ~ A x1 , x2 , x3), the associated unit vectors (e1 , e 2 , e 3) and 
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the cylindrical coordinates (f,~,z) are shown in the diagram. 

For the computational analysis, the earth is excited by a 

point electric dipole located at the origin of the coordinate 

system with its moment A 
aligned with the e 1 axis. In actual 

experiments, the source is a half wavelength electric dipole 

antenna. The time variation of the dipole moment is of the 

form e-jwt and in all subsequent mathematical expressions the 

time dependence is suppressed. 

The radio interferometry method measures the field 

strength about the transmitter primarily along profiles which 

run radially outward from the dipole. The profiles commonly 

used are denoted the broadside (B) and the endfire (EY pro-

files. The B profile is run radially out from the dipole 

normal to the direction of the dipole moment. The E profile 

runs radially away from the dipole along the direction of the 

dipole moment. In Fig. 1, the B profile is along the ~ 2 axis 

while the E profile is along the ~l axis. The field strength 

along these profiles exhibits maxima and minima at various 

spatial· positions due to interference of waves propagating 



with different horizontal phase velocities. The position of 

these maxima and minima and the rate of decay of the fields 

with distance are indicators which can be used to infer the 

electrical properties of the earth and the layer thickness. 

In the following discussions, all spatial dimensions 

are normalized in terms of the free space wavelength w. 

All propagation constants and wavenumbers are normalized 

in terms of the free space propagation constant k = zn/w. 
0 

Mathematical Formalism 
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The mathematical formulation of the electromagnetic response 

of a plane layered earth is well known since it is a standard 

boundary value problem (Wait (1970), Brekhovskikh(l960)). The 

difficult part of the analysis occurs when actual numerical 

computations of the response are required. The fields are 

expressed as Hankel transforms (or 2 dimensional Fourier 

transforms) which cannot be evaluated analytically. In all 

but the simplest case of a whole-space, approximate methods 

""0 of integration must be usedAextract useable results. The 

most straight forward method of obtaining numerical results 

is to numerically integrate the Hankel transforms. Other 

methods involve limiting material properties to special values 

and reducing the integrand to a sufficiently simple form 

that an analytical evaluation can be made. The other alternat
-'"o 

ive isAlook at the physical nature of the response by 

! 
j . 
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approximate solutions which can be obtained by manipulation 

of the integration contour in the complex plane. Two 
as +k• 

solutions in this class are known geometrical optics and 

the normal mode solutions. 

The details of the applications of these techniques to 

low-loss dielectric earth models is discussed by Annan 

{1970, 1973), Tsang et al (1973) for various dipolar excit- · 

ations. In the following discussions, the geometrical 

optics and the normal mode solutions are used. The reason 

for this is that sufficiently accurate results can be obtained 

in a very economical manner. The computation cost of numeric-

al integration rules out this method for all but very particular 

cases under consideration. Of the two solutions obtained by 

contour integration, the normal mode solution is the more 

correct solution. The only approximations involved here are 

in the analysis of the branch line contributions which yield 

lateral and inhomogeneous waves associated with the boundaries. 

The actual "normal mode" part of the solution is exact within. 

the computational error of evaluating its contribution. The 
\•\ \A,\-\."' 

geometrical opticsAinvolves asymptotic expansions for each 

multiple reflection and has built in approximations from the 

first step of analysis. The main advantage of the geometrical 

optics solution is that the response has a simple physical 

interpretation and is economically computed. As pointed out 

by Annan (1973), this solution can only be used when spatial 

dimensions are on the order of the wavelengths or attenuation 

lengths in the media involved. 
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The electric and magnetic fields at the surface of the 

2 layer earth shown in Fig. 1 are summarized in Table 1. The 

complex radial wavenumber plane and integration contours are 

shown in Fig. 2. For the expressions in Table 1, the 

geometrical optics solution is obtained by expanding the 

expression in the denominators 

1 = (1) 
1'\:0 

whereas the mode solution is obtained by solving the trans

cendental equation 

= 1 (2) 

which yields the TE and TM normal mode wavenumbers of the 

layered earth. The contour of integration is deformed into 
~ 1\-e~u +- clt.,u,~.:t: C.1t\~ ....... 

. ~~through a saddle point for each term in the geometrical 

optics expansion. For the normal mode analysis, the contour 
0~ +\\4!. srs-\-e 'W\ 

is deformed to yield a sum over the normal modesAplus 

integrals along the branch lines. 

Scale Model Description 

For electromagnetic systems to be similar, the spatial 

dimensions in free space wavelengths and the loss tangents 

must be the same. In order to simulate the radio inter-

ferometry method in a reasonably sized laboratory, wavelengths 



in the centimeter range are necessary; this corresponds to 

radio frequencies in the GHz range. The 2 layer earth model 

and associated elecrronics are shown in Fig. 3 and 4. 

The transmitting (TX) and receiving (RX) antennas are 

tuned half-wavelength electric dipoles. The excitation 
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frequency is 5.9 GHz. which corresponds to a free space wave-

length w = 5.08 em. The 2 layer earth is simulated by a tank 

of dielectric oil with a plane reflector suspended at a depth d 

in the oil. The effects of the finite size of the tank 

(30w long x 15w wide x 15w deep at 5.9 GHz) are minimized 

by lining the inside with a microwave absorbing materials 

(Eccosorb) • This reduces undesired spurious reflections 

from the walls of the tank. The Tx and Rx antennas are 

mounted on a track suspended over the tank; the Rx antenna 
.~ ;, c.\d b+¥4:~,-\-t\ 

is mounted on a mechanized carriage so that profilesAversus 

Tx-Rx separation can be made automatically. The track and 

associated supports are also covered with microwave absorbing 

material. 

Three sets of electrical properties of the 2-layer models 

were used in the model. The first set was an oil with 

dielectric constant K1 = 2.16 and tan £ 1 = 0.0022, ~nd an 

aluminum sheet, tan S 2 = 00 , acting as a perfectly reflecting 

substratum. A second set of electrical properties were 

obtained by doping the oil with benzonitrile to increase· its 

loss tangent. The third layered consisted of oil 



(undoped) underlain by a dielectric slab K2 = 6.75 and tan 

g2 = 0.11. The slab was 2 w thick and h~d a sufficiently 

high loss that it eliminated the possibility of spurious 

reflections from the bottom of the slab returning to the 

surface. The thickness of the oil layer was varied from 
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0.2w up to lOw and profiles of log10 IE- lversus Tx-Rx 

separation along the B profile were measured in most instances. 

The automatic traverse equipment and associated recording 

apparatus are sketched in Fig. 4 (Waller (1973)). The field. 
is 

strength versus distanceAdisplayed on an X-Y recorder and 

at the same can be recorded on a two channel analog tape 

recorder. The recorded data was later digitized in order 

that data enhancement and automatic interpretation schemes 

could be tested. 

Theoretical and Experimental Results 

(a) Half Space Earth: Radiation Pattern Directionality 

Before discussing the 2 layer earth in detail the half-

space response is briefly reviewed. The interaction of the 

dipole source with the air-earth interface drastically 

modifies the directionality of the antenna. This result is 

important when analysing 2 layer models with the geometrical 

optics solution. This effect has been discussed by Tsang 

et a1 (1973), Annan (1970, 1973), Cooper (1971). The pattern 



for in the x~3 plane is sketched in Fig. 5; (a) shows 

E~ for the dipole in a whole-space while (b) shows the 

response of the dipole when placed on a perfectly dielectric 

half-space. E~ in the x2-x3 plane for the whole-space is 

simply given by 

E¢ = j CJ P.o Idl (3) 
4ttRW 

while for the half space , as R _. -o ~ 

j Co) M.o Idl z ? 0 
4 RW 

(4) 

z <. 0 
4 RW 

where 

R 
l 2 1/r. = ( ~ ( Xi ) ) 

i:.\ 

Idl = electric dipole moment 

~o = free-space permeability 

•tz. 
n .. = (Ki/K.;) 

I J 
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T (~)= TE Fresnel transmission coefficient from region 

i to region j. 

= 2 2 1/2,. 
~ + nji (1-n;j (1- o< ) ) • 
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The modified pattern is highly directional with a strong peak 

into the earth at the critical angle of the interface. Similar 

analyses can be carried out for other field components; all 

show highly directional patterns. 

Experimental measurements of the radiation pattern 

obtained with the scale model with no subsurface reflector 
~" +to.e. p••st:"cc. .~a" \Y\ ...... tace. 

confirm the directionality of the sourc~ The 

results of measurements of fE~I are shown in Fig. 6. The 

pattern for E~ was measured at distances of 3 w, 4.5 w, and 

6 w from the source. The "theoretical" pattern for the air-

oil-dipole configuration computed by Cooper (1971) is shown 

with the experimental results. It should be noted that 

the experimental results are not normalized and that the 

shape of the patterns, not the magnitudes, should be considered. 

The discrepancy between the theoretical response and 

observed response are primarily explained by the fact that the 

experimental measurements were made at a finite distance from 

the source. The theoretical pattern shown is valid only 

infinitely far from the source by definition. As the Tx-Rx 

separation is increased, the experimental pattern changes 

shape and becomes more like the theoretically predicted 

pattern. 



The preceding solution for the theoretical response is 

obtained from the first term in an asymptotic expansion for 

the field. At finite source-receiver distances higher order 

terms in the expansion must become important. At the peak of 

the pattern, however, alternate solutions must be used since 

the higher terms of the asymptotic expansion are infinite. 

Brekhovskik~(l960) has studied the fields in the region of 
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the peak of the pattern in detail and obtained a modified 

expansion with the first correction term decreasing as (l/r) 5/ 4 • 

A rough calculation shows that this term is significant out to 

distances of tens of wavelengths. 

The physical rationale for the lobate pattern is quite '~ 

simple. The explanation can be seen most easily if the waves 

radiated by the antenna are examined from the ray theory 

point of view. In a whole space the source radiates uniformly 

in all directions. The presence of the half-space modifies 

this, since rays which propagate horizontally are continually 

refracted downward at the critical angle of the interface. 

Combining the whole-space pattern of the antenna with the 

directional selectivity of the interface yields a complex 

radiation pattern with high directionality. 



To first order, the fields along the interface are zero. 

If higher terms of the asymptotic expansions are retained, 

the fields fall off as (l/r) 2 • There are two components in 

this second order effect; one which propagates with the phase 

velocity of the earth and one which travels with the phase 

velocity of the air. As a result the fields at the surface 

of the half-space exhibit a regular beating as a function of 

spatial distance from the antenna. This is discussed by 

Annan {1970, 1973). 

(b) 2 Layer Earth: Perfectly Reflecting Substratum 

The 2 layer earth can exhibit a wide variety of 

responses depending upon the range of electrical proper-

ties and layer thickness. In early analysis, the case 

of a perfectly reflecting substratum was considered as a 

starting point. In order to demonstrate the general 
0~ 

character of the 2 layer earth, a suiteAresponses for 

various values of d and a perfectly reflecting substratum 

obtained with the scale model and computed theoretically 

using both the normal mode and geometrical optics solution 

are shown in Fig. 7. The layer thickness ranges from O.Sw 

to 7. The E¢ field strengths in decibels are plotted 

versus transmitter receiver separation in free-space 

wavelengths along the B profile. The scale model response 
w\~ 

is shown alongAthe mode and geometrical optics solution. 

The geometrical optics curve is shifted upward from the 
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experimental curve while the mode solution is shifted 

downward. This offset of the curves is used to minimize 

the overlap of the various responses which tends to confuse 

the visual presentation of the data. 

The results in Fig. 7 span most of the important depth 

ranges and demonstrate most of the features of the 2 layer 

response. For the shallow depthsof O.Sw, l.Ow, and l.Sw, 

the fields are expressible in terms of one, two, or three 

guided modes plus the lateral and inhomogeneous waves given 

by' branch line contributions (see Appendix). The fields 

decay with distance as (~) 1/2 and exhibit a regular 

beating as the modes move in and out of phase. For d = O.Sw, 

only one mode is guided and the only interference occurs 

near the source where the branchline and modal contributions 
\ 

are comparable in magnitude. The remainder of the infinite 

sequence of modes are either not excited or are leaky modes 

which decay exponentially with distance from the transmitter. 

As the depth increases more and more modes move into the 

guided regime and the field strength versus distance becomes 

more complicated as the various modes move in and out of 

phase. 

Examination of the theoretical responses show that the 

geometrical optics solution and the model response are in 

good agreement for layer thicknesses greater than 3.0w. 

For shallower depths, the experimental and theoretical 
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responses diverge from one another. The breakdown in the 

geometrical optics solution is to be expected from its 

asymptotic nature. The normal mode solution, however, shows 

excellent agreement at the shallow depths and becomes the 

same as the geometrical optics solution at the largerdepths. 

(c) Thin Layers and Critical Depths 

The preceding discussion of the 2-layer earth with a 

perfectly reflecting substratum illustrates the general 

nature of the response. At very shallow depths and at 

various critical depths, the response changes quite 

drastically with layer thickness. A suite of curves for 

depths d < 0.2w to d > 0.8w at various depth increments ~~. 
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show this behaviour 
e\·u.\o•t c.a ~.-.,..,+\e.~ 

'"" weue.l•"t~ 
clearly. The critical depths~for the 

(TE ~ .... ,) ftM Mdflf't) 
model~are given by ·de-·= 0.23 (2n + 1} II. and de = 0.46n 1\, 

n = 0, 1, 2 ••. (see Appendix .) . Ford< o.·,l, (Eft is 

composed of TE modes only on B profile} , no normal modes 

are excited since the layer is too thin. As a result, 

the fields versus distance are described totally by the 

branchline integrals and fall off as <Yr} 2 • As d increases 

past· o.t. 'S the first normal mode moves into the guided regime 

and the field strength versus distance falls off as (~r} 112 • 

The field strength versus distance varies only slightly 

with depth changes until d~ 0•'' . 



As d + 0.69 , the field strength versus distance begins 

to show a weak beating. For d just greater than 0.69 , the 

fields show very deep interference nulls at regular spacing. 

Two guided modes (TE) are now propagating in the layer for 

0.69 <d <1.16, the profiles exhibit the regular beating; 

however, the maxima and minima locations are very sensitive 

to the layer thickness. As d + 1.16, the same behaviour 

as d + 0.69 is seen and a third normal mode moves from the 

leaky to the guided regime. (see Appendix.) 

The theoretical reponses computed by the normal mode 

method are shown along with experimental results. The mode 

solutions match the experiment results very well except at 

the critical depths. At the critical depths, two poles and 

a branch point merge together in the mathematical solution. 

The branchline contribution is evaluated approximately by 

steepest descent integration; the approximate solution 

fails at the critical dept~. The results of evaluating 

the branchline contribution by numerical integration are 

also shown on the profiles. The agreement between experi

ment and theory is much better at the critical depths with 

this improvement. 

(d) 2 Layer Earth; Dielectric Substratum 

The response of a dielecric substratum is not greatly 

different from the previous responses for a perfectly 

reflecting substratum. The major difference is that there 
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are no longer any unattended guided modes; all the modes are 

leaky since energy can always leak out of the layer into the 

substratum. As a result, the field shows the same basic 

behaviour but all responses have a strong attenuation with 

distance from the Tx. 

The data collected with the scale model experiment are 

shown in Fig. 9. The experimental results are presented 

along with the theoretically (normal mode) computed responses. 

The results compare extremely well. (rt should be ... noted -that 

when the· experimental field strength .. ia"ils belot.v ·the· Rx 

sensi ti vi ty the field sti·e·n·gth levels off at--a··constant 

-value .. -· This ·is"·noti·ceable···a:t: · large ... distances ·from ·the Tx 

in all the·dielectric·bottom·responses.) The normal modes 

no longer have a sharp onset as they do for a perfectly 

reflecting substratum. The modes now move froro a. very leaky 

regime to a much less leaky regime with no sharp dividing 

line present. This improves the accuracy of the theoretical 

solution since there are no true critical depths and the 

mathematical approximations in evaluating branchline contri-

butions are greatly improved. 

Summary and Conclusions 
\ol • ..,.~ 

The results of theoretical and experiment•t•have led 

to a clear understanding of the physical mechanisms of wave 

propagation in a 2 layered dielectric earth. This detailed 



understanding of the waves propagations in such a system is 

necessary for the interpretation of radio interferometry 

data from geologic environments which can be simulated by 

a 2 layer model. 

t}11J li~;+ a"-;~""s 
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The practical aspects~of constructing scale model experi-

ments at GHz. frequencies are well understood and the reliability of 

~~e model makes it an ideal method of examining problems which 

are not tractable from a theoretical point of view. With 

such excellent agreement between theory and experiments, 

the model can be applied analysing more complex problems 

with confidence. 

The scale model has proved to be invaluable in checking 

out the computer programs which generate the theoretical 

responses. The mathematical formalism is very complex and 
is 

its translation into a computational formatAdifficult; 

particularly when approximations are made in certain parts 

of the analysis. 

The normal mode approach to analysing moderately to very 

thin layers has greatly improved the ability to interpret 

layered structures. The initial analysis of responses was 

made using the geometrical optics solutions which is invalid 

for thin layers. The model study confirming the mode 

analysis has already le to successful interpretation of 

radio interferometry data obtained in thin layer environ
'ec. '~•w.p._ .. y i-.' p •f'CY" 

ments (Rossiter et al. ( '). 



Appendix 

TE and TM Mode Critical Depths for a 2-Layer Earth 

The radial wave numbers of the normal modes of a plane 

stratified 2 layer earth are obtained by solving the transcen

dental equations 

TE Mode A-1 

TM Mode J. 21TdY, O 
e = A-2 

The R± are the Fresnel reflection coefficients indicated in 

Fig. A(a) and ~l = (K1-A 2) 112 is the vertical component of 

the wave vector in the layer. For the dielectric media 

discussed here 

~ '<,~' 
~- ~ A-3 

~ + !i:U:.!. 
¥, lft.t 1. 

In general the A~E and A~n are complex and ~~1 and A-2 have 

no pur~real solutipns. Only totally real A~E yield modes 

which are unattenuated radially. 

True guided modes exist only when I R+ \ = l R-l = 1 which 

physically occurs only when the media are lossfree and region 

1 is a low velocity region (i.e. K1 > K0 and K2) and d is 

greater than a minimum critical thickness. Analysis of 

equations A-1 and A-2 in the complex A plane show that the 
'r.H. 
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A~Emust lie along a line which intertwines the various Riemann 
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surfaces defined by the branchlines of the <Ki-A 2) 1/ 2 functions. 

The case of a perfectly dielectric slab (tan b' 1 ::. 0) overlying 

a perfectly reflecting (tan ~2 = ~ ) substratum is sketched in 

Fig. A(b). The roots of the transcendental equation lie on 
\\-.e. \¥\.l\ce~e4 i"' Alb) 

theA· · The solid circles denote roots on the upper 

Riemann surface (+ (K{-A 2) 112 for branchlines shown) which are 

excited modes and the open circles indicate roots on the lower 

Riemann surfaces (any combination of si·gns for (Kt -A) l/2 other 

than +) • The poles on the real axis between ~ and JKi are 

guided unattenuated modes while the poles AP < fK;' are leaky 

modes and have a positive imaginary component. 

TE 

The behaviour of the ATM with variations in d is twofold; 
TE P 

the poles A~M roove down the contours and are more closely packed 

as d increases and the contour, on which the poles lie, swings 

towards the imaginary axis. As the depth varies, a pair of the 

poles coincide with the JK~ branchpoint at regular depth 

spacings. These depths are the critical depths for the modes 

and mark the depth where a mode moves from the leaky to the 

unattenuated or guided regime. 

The critical depths for the case of the perfectly 

reflecting substratum are obtained by noting that 

0 ,._"' 
" -:: -1 

and that for A = JK:, 
0 

A-4 

A-5 
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Substituting into A-1 and 2 yields. 

::. 

\-\~o,,,oz.,······ A-6 

For finite loss tangents, and a dielectric bottom, the 

contours on which AP lie still pass through 

displaced away from the real A axis between 

JKi but are 

J K~ and JK;:' 
so that all modes have a finite imaginary component which 

corresponds to attenuation with distance. 
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Fig •. 1. 

Fig. 2 

Fig. 3 

Fig. 4 

Fig. 5 

Fig. 6 

Fig. 7 

Figure Caption~ 

Sketch of 2-layer earth geometry and the associated 

cartesian and cylindrical coordinate systems. 
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Complex radial wavenumber plane illustrating integration 

contours and location of singular points; 

+ branch points o TE pole, lower Riemann surface 

• TE pole, upper Riemann Surface 

A TM pole, lower Riemann surface 

• TM pole, upper Riemann surface 

Schematic drawing of scale model 2-layer earth. 

Schematic diagram of scale model electronics, display 

and recording system. 

(a) sketch of radiation pattern for IE,mt in x2-x3 plane 

in a whole-space, 

(b) sketch of radiation pattern for 'EiJI in x2-x3 plane 

for dipole on surface of a half-space. 

Scale model experimental measurements of (E~) pattern 

in x2-x3 plane compared with the theoretical pattern 

computed by Cooper (1971). 

Suite of 2-layer earth responses where the substratum 

is a perfect reflector; - sc.ale model response, 

---:----normal mode theoretical response, •.... ·. ·· geome:trical 

optics theoretical response. 



Fig. 8 

Fig. 9 

Fiq. A 

Suite of 2-layer earth responses for a perfectly 

reflecting substratum and shallow reflector depths. 

--scale model response -----·normal mode theoretical 

response. 

Suite of 2-layer earth responses for a dielectric 

substratum. 

(a) Sketch of multiple reflections in thin layer. 

(b) Illustration of pole positionsin complex A plane 

as a function of d. 

J 
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Table Captions 

Table 1: Cylindrical components of the E and H fields about 

a Horizontal Electric Dipole (HED) on the surface 

of a 2-layer earth in Hankel transform notation. 
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Figure rQ 

Half-wave Electric Dipole 
At Oil-Air Interface 
Theoretical and Experimental 
Patterns 

+++ Cooper--K' =2. 16 •...... 43° . 

t - 6.>. radius ............. -52° 
Experimental ---4.5.>. radius ......•.... -54° 

• • • 3.>. radius ......•...... -57° 

Antenna pattern at various radii. 
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ABSTRACT 

Recent theoretical work on the radio interferometry 

technique for dielectric layers of less than one free space wave
~ 

length thick, has indicated that there is thickness for.which no 
~ ~~ i~ 

interference is observed. This thickness is about 0.2 wavelengths, 
~ 

and it lies between the thickness that allows one single mode to 

propagate in the layer (~0.2) and a thickness (L 0.2) that is 

essentially transparent to the wavelength being used. 

Field work was done on the Juneau Icefield using frequencies 

from 1 to 32 MHz. At 1 and 2 ~Iz, an interference pattern typical of 

a half space of ice (dielectric constant of J,J) is observed, while at 

4 MHz essentially no interference is seen. At higher frequencies, the 

interference observed is typical of that of a layer overlying a half 

space. These results can be interpreted to be the result of a dielectric 

layer of depth 15 to 20m (0.2 wavelengths at 4 MHz) with a dielectric 

constant of 2.4. The layer of snow overlies a half space of ice. 

The technique is therefore of potential interest in interpreting the 

nature of a snow layer overlying a glacier. 
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INTRODUCTION 

Radio frequency interferometry depth sounding was originally 

developed to measure the dielectric properties and stru~ture of highly 

resistive geological regions (Annan, 1970, 1973). It has been used 

successfully for sounding glaciers (Rossiter et ~., 1973; Strangway 

et al., 1974), and on the moon (Simmons et al., 1972; SEP Team, 1974). 

The technique consists of setting a radio transmitter on the surface 

to be sounded, and measuring the field strength as a function of distance 

from the transmitter. Several waves propagate from the transmitter 

to the receiver, generating an interference pattern that is indicative 

of both the dielectric properties and the structure of the medium. 

Theoretical studies have determined the fields to be expected~ 

over dielectric layers (Annan, 1973; Kong, 1972, Tsang et al.,l973). 

Early work used geometrical optics approxi~ations in order to evaluate 

the integral expressions, but it can be shown that the method is highly 

inaccurate for layers less than about 2 free space wavelengths (abbrev

iated "wl" throughout) thick. In more recent work, a normal model 

approximation has been used that is particularly suitable for calcul

ating the fields in the presence of a thin layer. In a companion paper 

(Annan ~~.,1974), theoretical and experimental data from an analogue 

scale model are compared. In the present paper, we will examine the 

particular case of a thin dielectric layer (0 to 1 wl thick) overlying 

a thick dielectric layer (see Fig.l), using mode theory and field data 

collected on the Juneau Icefields, Alaska. 
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THEORY OF THIN LAYERS 

Radio interferometry data show three distinct types of 

behaviour as the upper layer increases from being very thin and 

transparent, through a critical thickness, to being thick enough to 

allow propagating modes. We will examine each of these three cases. 

(a) Very thin transparent upper layer 

When the upper layer is very thin.(less than about 0.2 wl 

thick), it is essentially transparent. Therefore, the observed inter-

ference pattern is independent of the properties of the upper layer, 

and looks like that of a half space with the properties of the lower 

layer (see Figures 2 and J). 

(b) Transition thickness - decoupled layer 

As the upper layer becomes approximately 0.2 wl thick 

(depending on its dielectric constant), it effectively decouples any 

signal from the lower layer. However, if it is still too thin to allow 

free propagation within itself, the observed patterns will show no 

interference at all (see Figure 4). Since this transition band is 

very narrow (and may be non-existent for very low losses), it is 

extremely diagnostic of upper layer thickness. 

(c) Modal propagation in the upper layer 

As the upper layer becomes thick enough to support freely 

propagating modes, the interference patterns again show clear beating 

(see Figures 5 and 6). Since the interference is generated by modes 

propagating along the thin layer guide, the spatial frequency of the 

. ll ,, 
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beats is relatively low, and dependent on the properties of the 

upper layer (although occasionally a higher spatial frequency ripple, 

due to the lower layer, can be seen). 
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JUNEAU ICEFIELD DATA 

During the summer Of 1972, measurements were made at 

various locations on the Juneau Icefields (see Figure 7). We will 

examine two runs - Run 36 made from Site 6 on the Taku Glacier, and 
.\f..t 

Run 92 made from Site 25, in accumulation zone of the Matthes Glacier. 
r 

At Site 6, the thickness of ice has been determined seismically to 

be approximately 350m. (Miller, 1950). The thickness of the ice 

at Site 25 is uncertain, but it is probably about 200 m. 

Measurements were made at six frequencies - 1, 2, 4, 8, 16, 

and 32 MHz, so that the free space wavelength varied from 300 m to about 

10 m. Six components of the magnetic field were measured - three from 

each of two transmitting antenna orientations. Of these components, 

we presently have theoretical solutions for two of them - the vertical 

(Hz) and radial (HF ) magnetic fields from a broadside transmitting 

antenna. These two components were compared to suites of theoretical 

curves and a best fit that gave consistent results for all frequencies 

was found. 

For both runs, the data at 32 MHz were so scattered that 

interpretation was not possible. The scattering is seen slightly at 

16 and 8 MHz, and seems typical of glacier data (Strangway et al., 1974). 

We attribute this scattering to random reflections from crevasses and 

other irregularities in the ice with typical sizes of about 10 m. 

The parameters deduced from each frequency for the two runs 

are listed in Table 1, and the best fit is illustrated in Figures 8 and 9. 
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In each case, the two components gave similar results. From the 1 and 

2 MHz data, the dielectric constant and loss tangent or the lower layer 

·can be estimated. From the 4 MHz curves, very tight limits can be put 

on the thickness or the upper layer. From 8 and (to some extent) 16 Mcr1z 

data, the properties of the upper layer can be determined. 

Runs 36 and 92 differ in two basic respects. For Run 36, the 

loss tangents are typical for ice - 0.2/f, where f is frequency in MHz 

(Evans, 1965). The values obtai.ned for the thickness or the upper layer 

are very consistent from frequency to frequency. For Run 92, it was not 

possible to obtain a consistent thickness without letting the loss tangent 

drop to at least 0.1/f. Even then, the depths obtained for the lower 

frequencies (especially 4 ~Iz) were less than 15m while for 8 and 16 MHz 

a depth of about 20 m was required. 

DISCUSSION 

We interpret the thin upper layer at both sites as being snow 

about 15 to 20 m thick, with a dielectric constant of 2.4, overlying 

thick glacial ice, with a dielectric constant of 3.3. The loss tangent 

at Site 6 (Run 36) is about 0.2/f, while at Site 25 (Run 92), it is 0.1/f. 

These dielectric properties are typical for ice and snow 

(Evans, 1965). Since snow is a mixture of air and ice, its dielectric 

constant is somewhat lower than that of ice, although its loss tangent is 

not greatly different. We attribute the lower loss tangent at Site 25 

to the lower temperature of the ice and snow at the higher site. It is 

interesting that although the measurements were made in summer with 
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runoff water abundant on the surface, the losses were not very high. 

Presumably, the water is too thin or too well disseminated to be 

noticeable at the frequencies used. 

The inconsistency of the depth determinations between freq

uencies at Site 25 could possibly be due to a grading of the snow-ice 

boundary at that altitude. Since Site· 25 is in the accumulation zone 

of the glacier, snow may be compacting in that area. 

CONCLUSION 

Using radio-frequency interferometry, ~ thin layer can be 

detected and estimates of the thickness of the layer to within a few 

meters can be made. By using a range of frequencies, the dielectric 

parameters of both the upper and the lower layer can be obtained. 
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TABLE 1: INTERPRETATION OF JUNFAU RUNS 36 AND 92 BY COMPARISON TO THIDRY 

RUN 36 

Frequency ( MHz) i\ w1 (m.) ~ -
1 L. 0. 075(L 23) -
2 .100-.150( 15-23) -

4 0.2-0.3 (15-22) -
8 0.45-0.60·(17-22) + 

2.4-0.1 

16 (1) 0.9 -1.2 (17-22 >. + 2.4-0.2 

+ Interpretation: 19 - 4 m. 
+ 

2.4-0.1 

RUN 92 

1 .L 0.1 (-"'30) 

2 ~ 0.125 (L.20) 

4 .100.,175(7-13) 
.125-:200(9-15) @ 2.4 

8 0.5 - 0.7(19-26) 
+ 

2.4-0.1 

16(1 ) 1.2 ~ 0.1(22!2)? + 
2.4-0.2 

Interpretation: + + 
18 - 8 m. 2.4-0.2 

1. 16 MHz data are fairly scattered (see text). 

tanc, 

-
-
-

+ 
.02-01 

0.010~0.005 

0.2~0.1/f( 2 ) 

+ .02-.01 

L.02 

0.10/f?( 2) 

~ -
3.3 ! 0.1 

+ 
3.3 - 0.1 

-

+ 
3-3 - 0.1 

+ 
.3.3 - 0.1 

+ 
3.3 - 0.1 

+ 
3.3 - 0.1 

tan0'2.-

0.20 ~ 0.10 

+ 
0.10 - 0.05 

+ 
0.05 - 0.03 

0.2 ~ O.l/f( 2 ) 

0.10 ? 

0.05-0.10 

@ .0, 
@ .02 

0.10~0.05/f( 2 ) 

2. f in :.t~z. Because of its dielectric mechanism, the loss tangent of ice essentially behaves as 
f- tan c = constant. (Evans, 1965 ) • 

...... 

...... 
I 

...... 

...... 



Fig, 1. 

Fig. 2 

Fig. 3 

Fig. 4 

Fig. 5 

Fig. 6 
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FIGURE CAPTIONS 

Configuration of a thin dielectric layer overlying nn 

infinite dielectric half space. By. varyinG the frequency, 

the thickness of the upper layer in wavelengths can be 

changed. 

Theoretical curves for a very thin upper layer, with the 

dielect1·ic constant of the lower layer varying. The spatial 

frequency of the pattern increases with increasing k2. 

(a) HF broadside componentj (b) Hz broadside component. 

Theoretical curves for a very thin upper layer with the loss 

tangent of the lower layer varying. The sharpness of the 

interference drops off with increasing tan8"2• (a) Hj 

broadside component, (b) H broadside component. z 

Theoretical curves for the region of no interference showing 

the transition from a transparent upper layer to an upper 

layer that propagates freely. (a) H~ broadside component, 

(b) H broadside component. . z 
Theoretical curves for a propagating upper layer, with the 

dielectric constant of the upper layer varying. (a) ~ 

broadside component, (b) H broadside component. 
z 

Theoretical curves for a propagating upper layer, with the 

loss tangent of the upper layer varying. 

component, (b) H broadside component. z 

(a) T broadside 
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Fig. 7 Map of the Juneau Icefield near Camp 10. Radio inter-

Fig. 8 

Fig. 9 

ferometry was conducted at "R.F.I.Sites~. Seismic depths are 

indicated where known. Run 36 was made at Site 6. Run 92 

was made high on the Matthes Glacier (not on the map) near 

Camp.:.l8. 

Radio interferometry data, Hf and Hz broadside components, 

1 to 16 MHz for Run 36, Site 6 (Solid lines). The best fit 

theoretical curves are also shown (dashed lines). 

Radio interferometry data, lSf and Hz broadside compoents, 

1 to 16 MHz, for Run 92, Site 25 (solid lines). The best 

fit theoretical curves are also shown (dashed lines). 
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Fig. 1: Configuration of a thin dielectric layer overlying an infinite 
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